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Abstract. Let X be a finite CW complex and let h1, h2 : C(X)→ A be two
unital homomorphisms, where A is a unital C∗-algebra. We study the problem
when h1 and h2 are approximately homotopic. We present a K-theoretical
necessary and sufficient condition for them to be approximately homotopic
under the assumption that A is a unital separable simple C∗-algebra of tracial
rank zero, or A is a unital purely infinite simple C∗-algebra. When they are
approximately homotopic, we also give a bound for the length of the homotopy.
These results are also extended to the case that h1 and h2 are approximately
multiplicative contractive completely positive linear maps.
Suppose that h : C(X) → A is a monomorphism and u ∈ A is a unitary
(with [u] = {0} in K1(A)). We prove that, for any ǫ > 0, and any compact
subset F ⊂ C(X), there exists δ > 0 and a finite subset G ⊂ C(X) satisfying
the following: if ‖[h(f), u]‖ < δ and Bott(h, u) = {0}, then there exists a
continuous rectifiable path {ut : t ∈ [0, 1]} such that
u0 = u, u1 = 1A and ‖[h(g), ut]‖ < ǫ for all g ∈ F and t ∈ [0, 1]. (e 0.1)
Moreover,
Length({ut}) ≤ 2π + ǫ. (e 0.2)
We show that if dimX ≤ 1, or A is purely infinite simple, then δ and G are
universal (independent of A or h). In the case that dimX = 1, this provides an
improvement of the so-called the Basic Homotopy Lemma of Bratteli, Elliott,
Evans and Kishimoto for the case that A is mentioned above. Moreover, we
show that δ and G can not be universal whenever dimX ≥ 2. Nevertheless, we
also found that δ can be chosen to be dependent on a measure distribution but
independent of A and h. The above version of the so-called Basic Homotopy
is also extended to the case that C(X) is replaced by an AH-algebra.
We also present some general versions of so-called Super Homotopy Lemma.
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CHAPTER 1
Prelude
1. Introduction
Let A be a unital C∗-algebra and let u ∈ A be a unitary which is in the
connected component U0(A) of the unitary group of A containing the identity.
Then there is a continuous path of unitaries in U0(A) starting at u and ending at
1. It is known that the path can be made rectifiable. But, in general, the length
of the path has no bound. N. C. Phillips ([41]) proved that, in any unital purely
infinite simple C∗-algebra A, if u ∈ U0(A), then the length of the path from u to
the identity can be chosen to be smaller than π + ǫ for any ǫ > 0. A more general
result proved by the author shows that this holds for any unital C∗-algebras with
real rank zero ([20]).
Let X be a path connected finite CW complex. Fix a point ξ ∈ X. Let A be
a unital C∗-algebra. There is a trivial homomorphism h0 : C(X) → A defined by
h0(f) = f(ξ)1A for f ∈ C(X). Suppose that h : C(X) → A is a unital monomor-
phism. When can h be homotopic to h0? When h is homotopic to h0, how long
could the length of the homotopy be? This is one of the questions that motivates
this paper.
Let h1, h2 : C(X) → A be two unital homomorphisms. A more general ques-
tion is when h1 and h2 are homotopic? When A is commutative, by the Gelfand
transformation, it is a purely topological homotopy question. We only consider
noncommutative cases. To the other end of noncommutativity, we only consider
the case that A is a unital simple C∗-algebra. To be possible and useful, we ac-
tually consider approximate homotopy. So we study the problem when h1 and h2
are approximately homotopic. For all applications that we know, the length of the
homotopy is extremely important. So we also ask how long the homotopy is if h1
and h2 are actually approximately homotopic.
Let X be a path connected metric space. Fix a point ξX . Let YX = X \ ξX .
Let x ∈ X and let L(x, ξX) be the infimum of the length of continuous paths from
x to ξX . Define
L(X, ξX) = sup{L(x, ξX) : x ∈ X}.
We prove that, for any unital simple C∗-algebra of tracial rank zero, or any unital
purely infinite simple C∗-algebra A, if h : C(X) → A is a unital monomorphism
with
[h|C0(YX )] = {0} in KL(C0(YX), A), (e 1.1)
then, for any ǫ > 0 and any compact subset F ⊂ C(X), there is a homomorphism
H : C(X)→ C([0, 1], A) such that
π0 ◦H ≈ǫ h on F , π1 ◦H = h0 and
Length({πt ◦H}) ≤ L(X, ξX),
1
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where h0(f) = f(ξX)1A for all f ∈ C(X) and πt : C([0, 1], A) → A is the point-
evaluation at t ∈ [0, 1], and where Length({πt ◦H}) is appropriately defined. Note
that [h0|C0(YX)] = {0}. Thus the condition (e 1.1) is necessary. Moreover, the
estimate of length can not be improved.
Suppose that h1, h2 : C(X) → A are two unital homomorphisms. We show
that h1 and h2 are approximately homotopic if and only if
[h1] = [h2] in KL(C(X), A),
under the assumption that A is a unital separable simple C∗-algebra of tracial rank
zero, or A is a unital purely infinite simple C∗-algebra. Moreover, we show that
the length of the homotopy can be bounded by a universal constant.
Bratelli, Elliott, Evans and Kishimoto ([2]) considered the following homotopy
question: Let u and v be two unitaries such that u almost commutes with v. Suppose
that v ∈ U0(A). Is there a rectifiable continuous path {vt : t ∈ [0, 1]} with v0 = v,
v1 = 1A such that the entire path almost commutes with u? They found that there
is an additional obstacle to prevent the existence of such path of unitaries. The
additional obstacle is the Bott element bott(u,v) associated with the pair u and v.
They proved what they called the Basic Homotopy Lemma: For any ǫ > 0 there
exists δ > 0 satisfying the following: if u, v are two unitaries in a unital separable
simple C∗-algebra with real rank zero and stable rank one, or in a unital separable
purely infinite simple C∗-algebra A, if v ∈ U0(A) and sp(u) is δ-dense in S1 except
possibly for a single gap,
‖uv − vu‖ < δ and bott1(u, v) = 0,
then there exists a rectifiable continuous path of unitaries {vt : t ∈ [0, 1]} such that
v0 = v, v1 = 1A and ‖uvt − vtu‖ < ǫ
for all t ∈ [0, 1]. Moreover,
Length({vt}) ≤ 4π + 1.
Bratteli, Elliott, Evans and Kishimoto were motivated by the study of classifi-
cation of purely infinite simple C∗-algebras. The Basic Homotopy Lemma played
an important role in their work related to the classification of purely infinite simple
C∗-algebras and that of [9]. The renewed interest of this type of results is at least
partly motivated by the study of automorphism groups of simple C∗-algebras (see
[18]). It is also important in the study of AF-embedding of crossed products ([39]).
We now replace the unitary u in the Basic Homotopy Lemma by a monomor-
phism h : C(X)→ A. We first replace S1 by a path connected finite CW complex
X. A bott element bott1(h, v) can be similarly defined. We proved that, with the
assumption A is a unital simple C∗-algebra of real rank zero and stable rank one,
or A is a unital purely infinite simple C∗-algebra the Basic Homotopy Lemma
holds for any compact metric space with dimension no more than one. Moreover,
in the case that K1(A) = {0}, the constant δ does not depend on the spectrum of
h (so that the condition on the spectrum of u in original Homotopy Lemma can
be removed). The proof is shorter than that of the original Homotopy Lemma of
Bratteli, Elliott, Evans and Kishimoto. Furthermore, we are able to cut the length
of homotopy by more than half (see 3.7 and 11.3).
For more general compact metric space, the simple bott element has to be
replaced by a more general map Bott(h, v). Even with vanishing Bott(h, v) and
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with A having tracial rank zero, we show that the same statement is false whenever
dimX ≥ 2. However, if we allow the constant δ not only depends on X and ǫ but
also depends on a measure distribution, then the similar homotopy result holds
(see 7.4) for unital separable simple C∗-algebras with tracial rank zero. On the
other hand, if A is assumed to be purely infinite simple, then there is no such
measure distribution. Therefore, for purely infinite simple C∗-algebras, the Basic
Homotopy Lemma holds for any compact metric space with shorter lengths. In fact
our estimates on the lengths is 2π + ǫ (for the case that A is purely infinite simple
as well as for the case that A is a unital separable simple C∗-algebra with tracial
rank zero).
Several other homotopy results are also discussed. In particular, a version of
Super Homotopy Lemma (of Bratelli, Elliott, Evans and Kishimoto) for finite CW
complex X is also presented.
The presentation is organized as follows:
In section 2, we provide some conventions and a number of facts which will be
used later.
In section 3, we present the Basic Homotopy Lemma for X being a compact
metric space with covering dimension no more than one under the assumption that
A is a unital simple C∗-algebra of real rank zero and stable rank one, or A is a
unital purely infinite simple C∗-algebra. The improvement is made not only on the
bound of the length but is also made so that the constant δ does not depend on
the spectrum of the homomorphisms.
In section 4 and section 5, we present some results which are preparations for
later sections.
In section 6, 7 and 8, we prove a version of the Basic Homotopy Lemma for
general compact metric space under the assumption that A is a unital separable
simple C∗-algebra of tracial rank zero. The lengthy proof is due partly to the
complexity caused by our insistence that the constant δ should not be dependent
on homomorphisms or A but only on a measure distribution.
In section 9, we show why the constant δ can not be made universal as in the
dimension 1 case. A hidden topological obstacle is revealed. We show that the
original version of the Basic Homotopy Lemma fails whenever X has dimension at
least two for simple C∗-algebras with real rank zero and stable rank one.
In section 10, we present some familiar results about purely infinite simple
C∗-algebras.
In section 11, we show that the Basic Homotopy Lemma holds for general
compact metric spaces under the assumption that A is a unital purely infinite
simple C∗-algebra.
In section 12, we discuss the length of homotopy. A definition related to Lips-
chitz functions is given there and some elementary facts are also given.
In section 13, we show two homomorphisms are approximately homotopic when
they induce the sameKL element under the assumption that A is a unital separable
simple C∗-algebra of tracial rank zero, or A is a unital purely infinite simple C∗-
algebra. We also give an estimate on the bound of the length of the homotopy.
In section 14, we extend the results in section 13 to the maps which are not
necessary homomorphisms.
In section 15, we present a version of the so-called Super Homotopy Lemma for
unital purely infinite simple C∗-algebra A.
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In section 16, we show that same version of the Super Homotopy Lemma is
valid for unital separable simple C∗-algebra of tracial rank zero.
In section 17, we show that the Basic Homotopy Lemma in section 8 and 11 is
valid if we replace C(X) by a unital AH-algebra.
In section 18, we end this paper with a few concluding remarks.
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2. Conventions and some facts
2.1. Let A be a C∗-algebra. Using notation introduced by [8], we denote
K(A) = ⊕i=0,1(Ki(A)
⊕
⊕n=1Ki(A,Z/nZ)).
Letm ≥ 1 be an integer. Denote by Cm a commutative C∗-algebra with K0(Cm) =
Z/mZ and K1(Cm) = 0. So Ki(A,Z/mZ) = Ki(A⊗ Cm), i = 0, 1.
A theorem of Dadarlat and Loring ([8]) states that
HomΛ(K(A),K(B)) ∼= KL(A,B),
if A satisfies the Universal Coefficient Theorem and B is σ-unital (see [8] for the
definition of HomΛ(K(A),K(B))). We will identify these two objects.
Let m ≥ 1 be an integer. Put
FmK(A) = ⊕i=0,1(Ki(A)
⊕
⊕k|mKi(A,Z/kZ)).
We will also identify these two objects.
2.2. Let Bn be a sequence of C
∗-algebras. Denote by l∞({Bn}) the product of
{Bn}, i.e., the C∗-algebra of all bounded sequences {an : an ∈ Bn}. Denote by
c0({Bn}) the direct sum of {Bn}, i.e, the C∗-algebra of all sequences {an : an ∈ Bn}
for which limn→∞ ‖an‖ = 0. Denote by q∞({Bn}) = l∞({Bn})/c0({Bn}) and by
q : l∞({Bn})→ q∞({Bn}) the quotient map.
2.3. Let A be a C∗-algebra and let B be another C∗-algebra. Let ǫ > 0 and
G ⊂ A be a finite subset. We say that a contractive completely positive linear map
L : A→ B is δ-G-multiplicative if
‖L(ab)− L(a)L(b)‖ < δ for all a, b ∈ G.
Denote by P(A) the set of projections and unitaries in
M∞(A˜) ∪
⋃
m≥1
M∞(A˜⊗ Cm).
We also use L for the map L ⊗ idMk⊗Cm : A ⊗ Cm ⊗Mk → B ⊗ Cm ⊗Mk,
k = 1, 2, ..., . As in 6.1.1 of [28], for a fixed p ∈ P(A), if L is δ-G-multiplicative
with sufficiently small δ and sufficiently large G, L(p) is close to a projection (with
the norm of difference is less than 1/2) which will be denote by [L(p)]. Note if two
projections are both close to L(p) within 1/2, they are equivalent.
If L : A→ B is δ-G-multiplicative, then there is a finite subset Q ⊂ P(A), such
that [L](x) is well defined for x ∈ Q, where Q is the image of Q in K(A), which
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means that if p1, p2 ∈ Q and [p1] = [p2], then [L(p1)] and [L(p2)] defines the same
element in K(B). Moreover, if p1, p2, p1 ⊕ p2 ∈ Q, [L(p1 ⊕ p2)] = [L(p1)] + [L(p2)]
(see 0.6 of [24] and 4.5.1 and 6.1.1 of [28]). This finite subset Q will be denoted
by Qδ,G . Let P ⊂ K(A). We say [L]|P is well defined, if Qδ,G ⊃ P . In what follows,
whenever we write [L]|P , we mean that [L]|P is well defined (see also 2.4 of [6] for
further explanation).
The following proposition is known and has been implicitly used many times.
Proposition 2.4. Let A be a separable C∗-algebra for which Ki(A) is finitely
generated (for i = 0, 1), and let P ⊂ K(A) be a finite subset. Then, there is δ > 0
and a finite subset G ⊂ A satisfying the following: If B is a unital C∗-algebra and if
L : A→ B is a δ-G-multiplicative contractive completely positive linear map, there
is an element κ ∈ HomΛ(K(A),K(B)) such that
[L]|P = κ|P . (e 2.1)
Moreover, there is a finite subset PA ⊂ K(A) such that, if [L]|PA is well defined,
there is a unique κ ∈ HomΛ(K(A),K(B)) such that (e 2.1) holds.
Proof. Since Ki(A) is finitely generated (i = 0, 1), by 2. 11 of [8],
HomΛ(K(A),K(B)) = HomΛ(FmK(A), FmK(B))
for some m ≥ 1. Thus it is clear that it suffices to show the first part of the
proposition. Suppose that the first part of the lemma fails. One obtains a finite
subset P ⊂ K(A), a sequence of σ-unital C∗-algebras Bn, a sequence of positive
numbers {dn} with
∑∞
n=1 δn < ∞, a finite subsets Gn ⊂ A with ∪∞n=1Gn is dense
in A, and a sequence of δn-Gn-multiplicative contractive completely positive linear
maps Ln : A → Bn such that there exists no κ ∈ HomΛ(K(A),K(B)) satisfying
(e 2.1).
Define Φ : A→ l∞({Bn⊗K}) by Φ(a) = {Ln(a)} for a ∈ A and define Φ¯ : A→
q∞({Bn⊗K}) by Φ¯ = π◦Φ, where π : l∞({Bn⊗K})→ q∞({Bn⊗K}) is the quotient
map. Thus we obtain an element α ∈ HomΛ(FmK(A), FmK(q∞({Bn⊗K}))) such
that [Φ¯] = α. Since Ki(A) is finitely generated (i = 0, 1), by 2.11 of [8], there is an
integer m ≥ 1 such that
HomΛ(K(A),K(q∞({Bn ⊗K}))) ∼= HomΛ(FmK(A), FmK(q∞({Bn ⊗K})) and
HomΛ((K(A),K(Bn)) ∼= HomΛ(FmK(A), FmK(Bn)).
By applying 7.2 of [31] and the proof of 7.5 of [31], for all larger n, there is an
element
κn ∈ HomΛ(FmK(A), FmK(Bn))
such that
[Ln]|P = κn|P .
This contradicts the assumption that the first part of the lemma fails.

The following is well known and follows immediately from the definition.
Proposition 2.5. Let A be a unital amenable C∗-algebra. For any finite subset
P ⊂ K(A), there exists δ > 0 and a finite subset G ⊂ A satisfying the following: for
6 1. PRELUDE
any pair of δ-G-multiplicative contractive completely positive linear maps L1, L2 :
A→ B (for any unital C∗-algebra B),
[L1]|P = [L2]|P
provided that
L1 ≈δ L2 on G.
2.6. Let B be a C∗-algebra and C = C([0, 1], B). Define πt : C → B by πt(f) =
f(t) for all f ∈ C. This notation will be used throughout this article.
The following follows immediately from 2.5 and will be used frequently without
further notice.
Proposition 2.7. Let A and B be two unital C∗-algebras and let L : A→ B be a
contractive completely positive linear map. Let Q ⊂ P(A) be a finite subset. Sup-
pose that, for some small δ > 0 and a large finite subset G, L is δ-G-multiplicative
and Qδ,G ⊃ Q. Put P = Q in K(A). Suppose that H : A → C([0, 1], B) is a
contractive completely positive linear map such that π0 ◦ H = L and πt ◦ H is
δ-G-multiplicative for each t ∈ [0, 1]. Then, for each t ∈ [0, 1],
[πt ◦H ]|P = [L]|P .
The following follows immediately from 2.1 of [35].
Lemma 2.8. Let B be a separable amenable C∗-algebra. For any ǫ > 0 and any
finite subset F0 ⊂ B there exists a finite subset F1 ⊂ B and δ > 0 satisfying the fol-
lowing: Suppose that A is a unital C∗-algebra, φ : B → A is a unital homomorphism
and u ∈ A is a unitary such that
‖[φ(a), u]‖ < δ for all a ∈ F1. (e 2.2)
Then there is an ǫ-F0⊗S-multiplicative contractive completely positive linear map
ψ : B ⊗ C(S1)→ A such that
‖φ(a)− ψ(a)‖ < ǫ and ‖ψ(a⊗ g)− φ(a)g(u)‖ < ǫ (e 2.3)
for all a ∈ F0 and g ∈ S, where S = {1C(S1), z} and z ∈ C(S1) is the standard
unitary generator of C(S1).
2.9. Let A be a unital C∗-algebra. Denote by U(A) the group of all unitaries in
A. Denote by U0(A) the path connected component of U(A) containing 1A.
Denote by Aut(A) the group of automorphisms on A. If u ∈ U(A), denote by
adu the inner automorphism defined by adu(a) = u∗au for all a ∈ A.
Definition 2.10. Let A and B be two unital C∗-algebras. Let h : A → B be a
homomorphism and v ∈ U(B) such that
h(g)v = vh(g) for all g ∈ A.
Thus we obtain a homomorphism h¯ : A ⊗ C(S1) → B by h¯(f ⊗ g) = h(f)g(v) for
f ∈ A and g ∈ C(S1). The tensor product induces two injective homomorphisms:
β(0) : K0(A)→ K1(A⊗ C(S1)) (e 2.4)
β(1) : K1(A)→ K0(A⊗ C(S1)). (e 2.5)
The second one is the usual Bott map. Note, in this way, one writeKi(A⊗C(S1)) =
Ki(A)⊕ β(i−1)(Ki−1(A)). We use β̂(i) : Ki(A⊗C(S1))→ β(i−1)(Ki−1(A)) for the
the projection to β(i−1)(Ki−1(A)).
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For each integer k ≥ 2, one also obtains the following injective homomorphisms:
β
(i)
k : Ki(A,Z/kZ))→ Ki−1(A⊗ C(S1),Z/kZ), i = 0, 1. (e 2.6)
Thus we write
Ki−1(A⊗ C(S1),Z/kZ) = Ki−1(A,Z/kZ)⊕ β(i)k (Ki(A,Z/kZ)), i = 0, 1. (e 2.7)
Denote by β̂
(i)
k : Ki(A ⊗ C(S1),Z/kZ) → β(i−1)k (Ki−1(A,Z/kZ)) similarly to that
of β̂(i)., i = 1, 2. If x ∈ K(A), we use β(x) for β(i)(x) if x ∈ Ki(A) and for β(i)k (x)
if x ∈ Ki(A,Z/kZ). Thus we have a map β : K(A)→ K(A⊗C(S1)) as well as β̂ :
K(A⊗C(S1))→ β(K(A)). Thus one may write K(A⊗C(S1)) = K(A)⊕β(K(A)).
On the other hand h¯ induces homomorphisms h¯∗i,k : Ki(A⊗C(S1)),Z/kZ)→
Ki(B,Z/kZ), k = 0, 2, ..., and i = 0, 1.
We use Bott(h, v) for all homomorphisms h¯∗i,k ◦ β(i)k . We write
Bott(h, v) = 0,
if h¯∗i,k ◦ β(i)k = 0 for all k ≥ 1 and i = 0, 1.
We will use bott1(h, v) for the homomorphism h¯1,0 ◦ β(1) : K1(A) → K0(B),
and bott0(h, u) for the homomorphism h¯0,0 ◦ β(0) : K0(A)→ K1(B).
Since A is unital, if bott0(h, v) = 0, then [v] = 0 in K1(B).
In what follows, we will use z for the standard generator of C(S1) and we
will often identify S1 with the unit circle without further explanation. With this
identification z is the identity map from the circle to the circle.
Now let A = C(S1) and u = h(z). Then bott(u, v) = bott1(h, u)([z]). Note
that, if [v] = 0 in K1(B), then bott0(h, v) = 0. In this case, Ki(C(S
1)) is free, thus
h¯∗i,k = 0, if k ≥ 2. In particular, if [v] = 0 in K1(B) and bott1(h, v) = 0, then
Bott(h, v) = 0.
Suppose that {vn} is a sequence of unitaries in A such that
lim
n→∞
‖h(a)vn − vnh(a)‖ = 0 for all a ∈ A.
Then we obtain a sequential asymptotic morphism ψn : A⊗ S1 → B such that
lim
n→∞
‖ψn(a⊗ g)− h(a)g(vn)‖ = 0 for all a ∈ A and g ∈ C(S1)
(see 2.8).
Fix a finite subset P ⊂ K(A), for sufficiently large n, as in 2.4, [ψn]|β(P) is well
defined. We will denote this by
Bott(h, vn)|P .
In other words, for a fixed finite subset P ⊂ K(A), there exists δ > 0 and a finite
subset G ⊂ A such that, if v ∈ B is a unitary for which
‖h(a)v − vh(a)‖ < δ for all a ∈ G,
then Bott(h, v)|P is well defined. In what follows, whenever we write Bott(h, v)|P ,
we mean that δ is sufficiently small and G is sufficiently large so it is well defined.
Now suppose that A is also amenable and Ki(A) is finitely generated (i = 0, 1).
For example, A = C(X), where X is a finite CW complex. So, for all sufficiently
large n, ψn defines an element [ψn] in KL(A,B) (see 2.4). Therefore, for a fixed
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finite subset P0 ⊂ K(A), there exists δ0 > 0 and a finite subset G0 ⊂ A such that,
if v ∈ B is a unitary for which
‖h(a)v − vh(a)‖ < δ0 for all a ∈ G0,
then Bott(h, v)|P0 is well defined. Thus whenKi(A) is finitely generated, Bott(h, v)|P0
defines Bott(h, v) for some sufficiently large finite subset P0. In what follows such
P0 may be denoted by PA. Suppose that P ⊂ K(A) is a larger finite subset, and
G ⊃ G0 and 0 < δ < δ0.
A fact that we be used in this paper is that, Bott(h, v)|P defines the same map
Bott(h, v) as Bott(h, v)|P0 defines, if
‖h(a)v − vh(a)‖ < δ for all a ∈ G.
In what follows, in the case that Ki(A) is finitely generated, whenever we write
Bott(h, v), we always assume that δ is smaller than δ0 and G is larger than G0 so
that Bott(h, v) is well-defined.
2.11. In the case that A = C(S1), there is a concrete way to visualize bott1(h, v).
It is perhaps helpful to describe it here. The map bott1(h, v) is determined by
bott1(h, v)([z]), where z is, again, the identity map on the unit circle.
Denote u = h(z) and define
f(e2πit) =
{
1− 2t, if 0 ≤ t ≤ 1/2,
−1 + 2t, if 1/2 < t ≤ 1,
g(e2πit) =
{
(f(e2πit)− f(e2πit)2)1/2 if 0 ≤ t ≤ 1/2,
0, if 1/2 < t ≤ 1 and
h(e2πit) =
{
0, if 0 ≤ t ≤ 1/2,
(f(e2πit)− f(e2πit)2)1/2, if 1/2 < t ≤ 1,
These are non-negative continuous functions defined on the unit circle. Suppose
that uv = vu. Define
e(u, v) =
(
f(v) g(v) + h(v)u∗
g(v) + uh(v) 1− f(v)
)
(e 2.8)
Then e(u, v) is a projection. There is δ0 > 0 (independent of unitaries u, v and
A) such that if ‖[u, v]‖ < δ0, the spectrum of positive element e(u, v) has a gap at
1/2. The bott element of u and v is an element in K0(A) as defined by in [10] and
[11] is
bott1(u, v) = [χ1/2,∞(e(u, v))]− [
(
1 0
0 0
)
]. (e 2.9)
Note that χ1/2,∞ is a continuous function on sp(e(u, v)). Suppose that
sp(e(u, v)) ⊂ (−∞, a] ∪ [1 − a,∞) for some 0 < a < 1/2. Then χ1/2,∞ can be
replaced by any other positive continuous function F such that F (t) = 0 if t ≤ a
and F (t) = 1 if t ≥ 1/2.
2.12. Let X be a finite CW complex and let A be a unital separable stably finite
C∗-algebra. Recall that an element α ∈ HomΛ(K(C(X)),K(A)) is said to be
positive, if
α(K0(C(X))+ \ {0}) ⊂ K0(A)+ \ {0}.
2. CONVENTIONS AND SOME FACTS 9
These positive elements may be denoted by KL(C(X), A)+.
2.13. Let X be a connected finite CW complex and let ξX ∈ X be a base point.
Put YX = X \ {ξX}.
2.14. Let X be a compact metric space with metric dist(−,−). In what follows,
we will use
dist((x, t), (y, s)) =
√
dist(x, y)2 + |t− s|2
for (x, t), (y, s) ∈ X × S1.
2.15. Let A and B be two C∗-algebras and φ : A → B be a contractive positive
linear map. Let G ⊂ A be a subset and let σ > 0. We say that φ is σ-G-injective if
‖φ(a)‖ ≥ σ‖a‖
for all a ∈ G.
2.16. Let X be a compact metric space and let A be a unital C∗-algebra. Suppose
that φ : C(X) → A is a homomorphism. There is a compact subset F ⊂ X such
that
kerφ = {f ∈ C(X) : f |F = 0}.
Thus there is a monomorphism h1 : C(F ) → A such that h = h1 ◦ π, where
π : C(X)→ C(F ) is the quotient map. We say the spectrum of φ is F.
2.17. Let C = A ⊗ B, where A and B are unital C∗-algebras. Let D be another
unital C∗-algebra. Suppose that φ : C → D is a homomorphism. Throughout this
work, by φ|A : A → D we mean the homomorphism defined by φ|A(a) = φ(a ⊗ 1)
for all a ∈ A.
2.18. Let L1, L2 : A→ B be two maps, let ǫ > 0 and F ⊂ A be a subset. We write
L1 ≈ǫ L2 on F ,
if
‖L1(f)− L2(f)‖ < ǫ for all f ∈ F .
2.19. Let X be a compact metric space, δ > 0 and F ⊂ C(X) be a finite subset.
Define σ = σX,δ,F to be the largest positive number satisfying the following:
|f(x)− f(x′)| < δ for all f ∈ F ,
provided dist(x, x′) < σ.
2.20. Let τ be a state on C(X). Denote by µτ the probability Borel measure
induced by τ.
2.21. Let X be a metric space and let x ∈ X. Suppose that r > 0. We will use
O(x, r) for
{y ∈ X : dist(x, y) < r}.
2.22. (see 1.2 of [35]) LetX be a compact metric space, let A be a unital C∗-algebra
and let L : C(X) → A be a contractive completely positive linear map. Suppose
ǫ > 0 and F is a finite subset of C(X). Denote by Σǫ(L,F) the closure of the subset
of those points λ ∈ X for which there is a non-zero hereditary C∗-subalgebra B of
A satisfying
‖(f(λ)− L(f))b‖ < ǫ and ‖b(f(λ)− L(f))‖ < ǫ
for all f ∈ F and b ∈ B with ‖b‖ ≤ 1. Note that if ǫ < σ, then Σǫ(L,F) ⊂ Σσ(L,F).
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Lemma 2.23. Let X be a compact metric space, let ǫ > 0, σ > 0 and let F ⊂ C(X)
be a finite subset of the unit ball. There is δ > 0 and a finite subset G ⊂ C(X)
satisfying the following: For any unital C∗-algebra A, any unital δ-G-multiplicative
contractive completely positive linear map L : C(X) → A, if L is also 1/2-G-
injective, then Σǫ(L,F) is σ-dense in X.
Proof. Choose a σ-dense finite subset {x1, x2, ..., xm} in X. Let η = σX,ǫ/3,F .
In particular,
|f(x)− f(x′)| < ǫ/3 for all f ∈ F (e 2.10)
whenever dist(x, x′) < η. Choose non-negative functions g1, g2, ..., gm, g
′
1, g
′
2, ..., g
′
m ∈
C(X) such that gi(x) ≤ 1, gi(x) = 1 if x ∈ O(xi, η/4) and gi(x) = 0 if x 6∈ O(xi, η/2)
and g′i(x) ≤ 1, g′i(x) = 1 if x ∈ O(xi, η/8) and g′i(x) = 0 if x ∈ O(xi, η/4),
i = 1, 2, ...,m. Choose δ < ǫ/4 and
G = F ∪ {g1, g2, ..., gm, g′1, g′2, ..., g′m}.
Now suppose that L : C(X) → A is δ-G-multiplicative and 1/2-G-injective. Let
Bi = L(g′i)AL(g
′
i), i = 1, 2, ...,m. Since L is 1/2-G-injective, Bi 6= {0}, i =
1, 2, ...,m. Let b = L(g′i)cL(g
′
i) for some c ∈ A such that ‖b‖ ≤ 1. Then, by (e 2.10),
‖(f(xi)− L(f))b‖ ≤ ‖(f(x1)− L(f))L(gi)L(g′i)cL(g′i)‖+ δ
≤ ‖L((f(xi)− f)gi)b‖+ δ + δ
< ǫ/3 + δ + δ < 5ǫ/6. (e 2.11)
It follows that
‖(f(xi)− L(f))b‖ < ǫ
for all b ∈ Bi, i = 1, 2, ...,m. Similarly,
‖b(f(xi)− L(f))‖ < ǫ
for i = 1, 2, ...,m. Therefore xi ∈ Σǫ(L,F), i = 1, 2, ...,m. It follows that Σǫ(L,F)
is σ-dense in X.

Lemma 2.24. Let X be a compact metric space and let d > 0. There is a finite
subset G ⊂ C(X) satisfying the following:
For any unital C∗-algebra A and a unital homomorphism h : C(X)→ A which
is 1/2-G-injective, then spectrum F of h is d-dense in X.
Proof. Let {x1, x2, ..., xn} be a d/2-dense subset of X. Let fi ∈ C(X) such
that 0 ≤ fi ≤ 1, fi(x) = 1 if x ∈ O(xi, d/4) and fi(x) = 0 if x 6∈ O(xi, d/2). Put
F = {f1, f2, ..., fn}.
Let η = σX,1/4,F . Let gi, g
′
i ∈ C(X) be as in the proof of 2.23, i = 2, ..., n.
Suppose that h : C(X) → A is a unital homomorphism which is 1/2-G-injective.
Let F be the spectrum of h.
If F were not d-dense, then there is i such that O(xi, d/2) ∩ F = ∅. Then
fi(x) = 0 for all x ∈ F. It follows that h(fi) = 0. However, as in the proof of 2.23,
we have
‖b‖ = ‖f(xi)b‖ = ‖(f(xi)− h(f))b‖ < 1/2
for any b ∈ B1 with ‖b‖ = 1. A contradiction.

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Lemma 2.25. (1) Let X be a connected finite CW complex and let A be a unital
anti-liminal C∗-algebra. Then there exists a unital monomorphism φ0 : C(X)→ A
and a unital monomorphism φ1 : C([0, 1]) → A and a unital monomorphism ψ :
C(X)→ C([0, 1]) such that
φ0 = φ1 ◦ ψ. (e 2.12)
(2) If X is a finite CW complex with k connected components and A is a unital
C∗-algebra with k mutually orthogonal projections p1, p2, ..., pk such that each piApi
is anti-liminal, then there is unital monomorphism ψ0 : C(X)→ A such that
[φ0] = [ψ00] in KK(C(X), A),
where ψ00 is a point-evaluation on k points with one point on each component.
(3) If X is a compact metric space and if A is a unital simple C∗-algebra with
real rank zero, then there is a a unital monomorphism φ0 : C(X)→ A and a unital
monomorphism φ1 : C(Ω) → A and a unital monomorphism ψ : C(X) → C(Ω)
such that
φ0 = φ1 ◦ ψ, (e 2.13)
where Ω is the Cantor set.
Proof. It is clear that part (2) of the lemma follows from part (1). So we may
assume that X is connected. It is well known that there is a surjective continuous
map s : [0, 1] → X. This, in turn, gives a unital monomorphism ψ : C(X) →
C([0, 1]). It follows from [1] that there is a positive element a ∈ A such that sp(a) =
[0, 1]. Define φ1 : C([0, 1]) → A by φ1(f) = f(a) for all f ∈ C([0, 1]). Define
φ0 = φ1 ◦ ψ.
To see part (3), we note that there is unital monomorphism ψ0 : C(Ω) → A
and a unital monomorphism ψ : C(X)→ C(Ω). Then define φ1 = ψ0 ◦ ψ.

2.26. Two projections p and q in a C∗-algebra A are siad to be equivalent if there
exists w ∈ A such that w∗w = p and ww∗ = q.
2.27. Let A be a stably finite C∗-algebra. We will use T (A) for the tracial state
space of A. Denote by Aff(T (A)) the real continuous affine functions on T (A). Let
τ ∈ T (A), we will also use τ for τ ⊗ Tr on A⊗Mn, where Tr is the standard trace
on Mn.
There is a (positive) homomorphism ρA : K0(A) → Aff(T (A)) defined by
ρ([p]) = τ(p) for projection p ∈ Mn(A). Denote by kerρA (or kerρ) the kernel of
the map ρA.
2.28. A unital C∗-algebra A is purely infinite and simple, if A 6= C, and for any
a 6= 0, there are x, y ∈ A such that xay = 1. We refer the reader to [4], [43],[44]
[41] and [42] , for example, for some related results about purely infinite simple
C∗-algebras used in this paper.
A unital separable simple C∗-algebra A with tracial rank zero has real rank
zero, stable rank one and weakly unperforated K0(A). When A has tracial rank
zero, we write TR(A) = 0. We refer the reader to [26], [30], [27], [29], [3], [47] and
[48] for more information.
Most of this section will not be used until Chapter 2.
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3. The Basic Homotopy Lemma for dim(X) ≤ 1
In what follows, we use B for the class of unital C∗-algebras which are simple
C∗-algebras with real rank zero and stable rank one, or purely infinite simple C∗-
algebras.
3.1. When X is a connected finite CW complex of covering dimension 1, X × S1
is of dimension 2. Then the followings are true.
1)K0(C(X)) = Z, K0(C(X × S1)) = K0(C(X)) ⊕ β1(K1(C(X))) = Z ⊕
β1(K1(C(X))) andK1(C(X×S1)) = K1(C(X))⊕β0(K0(C(X))) = K1(C(X))⊕Z.
In particular, Ki(C(X × S1)) is torsion free and kerρC(X×S1) = β1(K1(C(X))).
2) Suppose that h : C(X) → A is a unital homomorphism and u ∈ A is a
unitary. Suppose that ‖uh(a)−h(a)u‖ < δ for all a ∈ G, where G ⊂ C(X) is a finite
subset and δ > 0. Suppose that bott1(h, u) is well defined and bott1(h, u) = {0} and
[u] = {0}. Let P ⊂ K(C(X × S1). Then, with sufficiently large G and sufficiently
small δ.
[ψ]|P = [φ0]|P in KL(C(X × S1), A),
where ψ(f ⊗ g) = h(f)g(u) for all f ∈ C(X) and g ∈ C(S1) and φ0(a) = a(ξ) · 1A
for all a ∈ C(X × S1), where ξ ∈ X × S1 is a point.
3) Let Y ⊂ X × S1 be a compact subset. It is known and easy to see that
s∗0 maps kerρC(X×S1) onto kerρC(Y ) (see Lemma 2.2 of [12]). In particular, if
h : C(X × S1) → B is a homomorphism such that (h∗0)|kerρC(X×S1) = 0 then
(h1)∗0|kerρC(Y ) = 0, where h1 : C(Y )→ B is a homomorphism defined by h = h1◦s.
(4) If Y is a compact subset of X × S1, then Ki(C(Y )) is also torsion free.
Let s : C(X × S1) → C(Y ) is the quotient map. Let φ : C(Y ) → B be a unital
homomorphism for some unital C∗-algebra B. Then [φ] ∈ N (see 0.4 of [24]) if
and only if
φ∗1 = 0 and φ∗0(s∗(β1(K1(C(X))))) = 0.
Recall that a unital C∗-algebra A is said to beK1-simple, ifK1(A) = U(A)/U0(A)
and if [p] = [q] in K0(A) for two projections p and q in A, then there exists w ∈ A
such that w∗w = p and ww∗ = q.
Lemma 3.2. Let X be a finite CW complex with torsion free K1(C(X)) and let B
be a unital K1-simple C
∗-algebra of real rank zero. Suppose that λ : K1(C(X))→
K1(B) is a homomorphism. Then, for any δ > 0, any finite subset G ⊂ C(X),
any finite subset P1 ⊂ K1(C(X)) and any finite subset P0 ⊂ kerρC(X), there exists
δ-G-multiplicative contractive completely positive linear map L : C(X) → B such
that
[L]|P1 = λ|P1 and [L]|P0 = 0.
If, in addition, X has dimension 1, then there is a unital monomorphism h :
C(X)→ B such that
h1∗ = 0.
Proof. If B is a finite dimensional C∗-algebra we define L(f) = f(ξ)1B for all
f ∈ C(X), where ξ ∈ X is a fixed point. We now assume that B is non-elementary.
It is also clear that one may reduce the general case to the case that X is connected.
Write K1(C(X)) = Z
k for some integer k > 0. Let C be a unital simple AT-
algebra of real rank zero with K1(C) = Z
k and kerρC = {0}. For the convenience,
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one may assume that C = ∪∞n=1Cn, where
Cn = ⊕ki=1Mr(i)(C(S1)), n = 1, 2....
The construction of such AT-algebra is standard.
It follows from a result of [19] that there is a unital homomorphism h0 :
C(X)→ C such that
(h0)∗1 = idZk and ((h0)∗0)|kerρC(X) = {0}. (e 3.1)
(see also [25]). For any finite subset G ⊂ C(X), we may assume that h0(G) ⊂ Cn for
n ≥ 1. Nuclearity of C∗-algebras involved implies that there is a δ-G-multiplicative
contractive completely positive linear map L′ : C(X)→ Cn such that
‖h0(f)− L′(f)‖ < δ for all G.
We may also assume (by choosing a larger n) that Qδ,G ⊃ P0 ∪ P1 and that
[L′]|P1 = idZk |P1 and [L′]|P0 = {0}.
There are non-zero mutually orthogonal projections ej,i ∈ B (j = 1, 2, ..., r(i),
i = 1, 2, .., k) such that for fixed k, {ej,k : i = 1, 2, ..., r(i)} is a set of non-zero
mutually orthogonal projections.
Let gi, i = 1, 2, ..., k be the standard generator Z
k and let zi = λ(gi), i =
1, 2, ..., k. There is a unitary vi ∈ e1,iBe1,i such that [vi+(1−e1,i)] = zi, i = 1, 2, ....
Put p =
∑k
i=1
∑r(i)
j=1 ei,j . We then obtain a unital monomorphism h1 : Cn → pBp
such that
(h1)∗1 = λ
as a homomorphism from Zk to K1(B). Define h00 : C(X) → (1 − p)A(1 − p) by
h00(f) = f(ξ)(1 − p) for all f ∈ C(X), where ξ ∈ X is a fixed point in X. Define
L = (h1 ◦L′ ◦h0)⊕h00. where ξ ∈ X is a fixed point in X. It is clear that so defined
L meets the requirements.
By 2.25, there is a unital monomorphism h′00 : C(X)→ (1−p)B(1−p) such that
[h′00] = [h00] in KK(C(X), B). The last statement follows from the fact that C(X)
is semi-projective (by 5.1 of [37]) and replacing h1 ◦ L′ ◦ h0 by a homomorphism
and replacing h00 by h
′
00.

Lemma 3.3. Let X be a connected finite CW complex with dimension 1 (with a
fixed metric), let A ∈ B and let h : C(X)→ A be a monomorphism. Suppose that
there is a unitary u ∈ A such that
h(a)u = uh(a) for all a ∈ C(X), [u] = 0 in K1(A) and bott1(h, u) = 0.(e 3.2)
Suppose also that ψ : C(X×S1)→ A defined by ψ(f ⊗g) = h(f)g(u) for f ∈ C(X)
and g ∈ C(S1) is a monomorphism. Then, for any ǫ > 0 and any finite subset
F ⊂ C(X), there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} of
A such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ (e 3.3)
for all a ∈ F and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ π + ǫπ (e 3.4)
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Proof. Let ǫ > 0 and F ⊂ C(X) be a finite subset. We may assume that
1C(X) ∈ F . Let
F ′ = {f ⊗ a : f ∈ F , a = 1C(S1), or a = z}.
Let σ1 = σ(X × S1,F ′, ǫ/32) (see 2.19). Let δ1 > 0, G ⊂ C(X × S1) and P ⊂
K(C(X×S1)) be required by Theorem 1.12 of [24] associated with X×S1, F ′, ǫ/16
(in place of ǫ). Here we also assume that any two δ1-G-multiplicative contractive
completely positive linear maps L1, L2 from C(X × S1),
[L1]|P = [L2]|P , if (e 3.5)
L1 ≈δ1 L2 on G (e 3.6)
Without loss of generality, we may assume that G = G1 ⊗ S, where G1 is in the
unit ball of C(X) and S = {1C(S1), z}.We may also assume that δ1 < ǫ/2 and that
F ⊂ G1.
Let η1 = (1/2)σX×S1,min{ǫ/32,δ1/32},G . So if dist(x, x
′) < η1 and if dist(t, t
′) <
η1, then
|f(x× t)− f(x′ × t′)| < min{ǫ/32, δ1/32} for all f ∈ G. (e 3.7)
Let {x1, x2, ..., xm} be σ1/4-dense in X and let {t1, t2, ..., tl} divide the unit circle
into l arcs with the length with 2π/l < η1. We may assume that η1 < σ1/4. We
also assume that t1 = 1. In particular, {xi × tj : i = 1, 2, ...,m, j = 1, 2, ..., l} is
σ1/2-dense.
Let gi,j be nonnegative functions in C(X × S1) with 0 ≤ gi,j ≤ 1 such that
gi,j(ξ) = 1 if dist(ξ, xi × tj) < η1/4s and gi,j(ξ) = 0 if dist(ξ, xi × tj) ≥ η1/2s.
Since A is a unital simple C∗-algebra with real rank zero and ψ is injective, there
are non-zero, mutually orthogonal and mutually equivalent projections Ei,j , E
′
i,j ∈
ψ(gi,j)Aψ(gi,j)) for each i and j. Since A is simple and has real rank zero, then (by
repeated application of (1) of Lemma 3.5.6 of [28], for example) there is a non-zero
projection E0 ≤ E1,1 such that
[E0] ≤ [Ei,j ], i = 1, 2, ...,m and j = 1, 2, ..., l. (e 3.8)
Put
Φ(f) =
∑
i,j
f(xi × tj)(Ei,j + E′i,j) + φ˜(f) for all f ∈ C(X × S1), (e 3.9)
where
φ˜(f) = (1−
∑
i,j
(Ei,j + E
′
i,j))ψ(f)(1 −
∑
i,j
(Ei,j + E
′
i,j)) and (e 3.10)
Φ1(f) = f(x1 × t1)(E′1,1 + E1,1 − E0) +
∑
(i,j) 6=(1,1)
f(xi × tj)(Ei,j + E′i,j) +
+φ˜(f) (e 3.11)
for f ∈ C(X × S1). Thus, by the choice of σ1,
‖ψ(f)− Φ(f)‖ < ǫ/32 for all f ∈ G. (e 3.12)
By the choice of η1, one sees that φ˜ is δ1-G-multiplicative. So Φ1 is δ1-G-multiplicative.
Moreover, Σδ1(Φ1,F) is σ1/2-dense, since {(xi× tj) : i, j} is σ1/2-dense. There are
two non-zero mutually orthogonal projections e1, e2 ∈ E0AE0 such that e1 + e2 =
E0. Since both e1Ae1 and e2Ae2 are simple C
∗-algebras in B, and X is a connected
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finite CW complex, it is easy to construct unital monomorphisms h1 : C(X) →
e1Ae1 and h2 : C(X)→ e2Ae2 such that
(h1)∗1 = h∗1 and (h2)∗1 + h∗1 = {0} (e 3.13)
(by 3.2). It follows from Cor 1.14 of [24] that there are mutually orthogonal
projections {p1, p2, ..., pK} ⊂ E0AE0 and points {y1, y2, ..., yK} ⊂ X such that∑K
i=1 pi = E0 and
‖(h1(f) + h2(f))−
K∑
k=1
f(yk)pk‖ < ǫ/32 for all f ∈ G1. (e 3.14)
Define ψ1(f ⊗ g) = h1(f)g(1)e1 and ψ2(f ⊗ g) = h2(f)g(1)e2 for all f ∈ C(X)
and g ∈ C(S1). Define ψ0 : C(X × S1)→ E0AE0 by
ψ0(f ⊗ g) =
K∑
k=1
f(yk)g(1)pk (e 3.15)
for all f ∈ C(X) and g ∈ C(S1). By replacing ǫ/32 by ǫ/16, in (e 3.14), we may
assume that {y1, y2, ..., yK} ⊂ {x1, x2, ..., xK′} with K ′ ≤ m. Keep this in mind,
since pk ≤ e2, by (e 3.8), we obtain a unitary w1 ∈ A such that
adw1 ◦ (ψ0(f) + Φ1(f)) = Φ(f) (e 3.16)
for all f ∈ C(X × S1). It follows that (by (e 3.14)
adw1 ◦ ((ψ1 ⊕ ψ2) + Φ1) ≈ǫ/16 Φ on G (e 3.17)
and (by e 3.12))
adw1 ◦ ((ψ1 ⊕ ψ2) + Φ1) ≈3ǫ/32 ψ on G. (e 3.18)
It follows from (e 3.13) and the condition that bott1(h, u) = 0 and [u] = 0 that
[adw1 ◦ (ψ2 ⊕ Φ1)]|P = [Φ00]|P , (e 3.19)
where Φ00 = f(ξX × 1)(1 − e1) for all f ∈ C(X × S1). We also check that adw1 ◦
(ψ2⊕Φ1) is δ1-G-multiplicative and Σδ1(w1 ◦(ψ2⊕Φ1),F ′) is σ1/2-dense. It follows
from Theorem 1.12 of [24] that there is a homomorphism Φ0 : C(X × S1) →
(1− e1)A(1 − e1) with finite dimensional range such that
adw1 ◦ (ψ2 ⊕ Φ1) ≈ǫ/16 Φ0 on F ′. (e 3.20)
In the finite dimensional commutative C∗-subalgebra Φ0(C(X × S1), there is a
continuous rectifiable path {Ut : t ∈ [0, 1]} of (1− e)A(1 − e) such that
U0 = Φ0(1⊗ z), U1 = 1− w∗1e1w1 and Φ0(f ⊗ 1)Ut = UtΦ0(f ⊗ 1) (e 3.21)
for all t ∈ [0, 1] and f ∈ C(X). Moreover
Length({Ut}) ≤ π. (e 3.22)
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Define vt = w
∗
1e1w1 ⊕ Ut for t ∈ [0, 1]. Then, (note that ψ1(1⊗ z) = e1) by (e 3.20)
and (e 3.18),
‖v0 − u‖ = ‖w∗1e1w1 ⊕ Φ0(1 ⊗ z)− u‖
≤ ‖w∗1e1w1 ⊕ [Φ0(1⊗ z)− w∗1(ψ2 ⊕ Φ1)(1 ⊗ z)w1]‖
+ ‖w∗1e1w1 ⊕ w∗1(ψ2 ⊕ Φ1)(1 ⊗ z)w1 − u‖
< ǫ/16 + ‖adw∗1((ψ1 ⊕ ψ2)(1 ⊗ z)⊕ Φ1(1⊗ z)w1 − ψ(1⊗ z)‖
< ǫ/16 + 3ǫ/32 = ǫ/8. (e 3.23)
We estimate that, by (e 3.18) and (e 3.20) and (e 3.21),
‖[h(f), vt]‖ < 6ǫ/32 + ‖[adw1 ◦ ((ψ1 + ψ2) + Φ1)(f ⊗ 1), vt]‖ (e 3.24)
< 3ǫ/16 + ǫ/8 + ‖[adw1 ◦ (ψ1 +Φ0)(f ⊗ 1), vt]‖ (e 3.25)
= 5ǫ/16 (e 3.26)
for all f ∈ F . Combing this with (e 3.23), we obtain a continuous rectifiable path
of unitaries {ut : t ∈ [0, 1]} of A such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F (e 3.27)
and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ π + ǫπ. (e 3.28)

Lemma 3.4. Let X1 be a connected finite CW complex with dimension 1. Let
ǫ > 0 and F1 ⊂ C(X1) be a finite subset. There is σ > 0 satisfying the following:
Suppose that A ∈ B is an infinite dimensional unital C∗-algebra, suppose that
h1 : C(X1) → A is a homomorphism and suppose that u ∈ A is a unitary with
[u] = {0} in K1(A) such that
h1(a)u = uh1(a) for all a ∈ C(X1) and bott1(h1, u) = {0}, (e 3.29)
and suppose that X is a subset of X1 which is a finite CW complex and the spectrum
of h1 is Y ⊂ X which is σ-dense in X. Then there exists a unital monomorphism
h¯ : C(X × S1) → A and a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]}
such that
u0 = u, u1 = h¯(1⊗ z), ‖[h1(a), ut]‖ < ǫ and (e 3.30)
‖h¯(s(a)⊗ 1)− h1(a)‖ < ǫ for all a ∈ F1, (e 3.31)
where s : C(X1)→ C(X) is defined by s(f) = f |X . Moreover
Length({ut}) ≤ π + ǫπ (e 3.32)
Proof. There is a homomorphism h : C(X)→ A such that h = h1 ◦ s, where
s : C(X1)→ C(X) is the quotient map. Put F = s(F) and
F ′ = {f ⊗ g : f ∈ F and g = 1, or g = z}.
Define ψ : C(X×S1)→ A by ψ(f⊗g) = h(f)g(u) for f ∈ C(X) and g ∈ C(S1).
By (e 3.29), [ψ]|kerρC(X×S1) = {0}.
Large part of the argument is the same as that used in 3.3. So we will keep
the notation there and keep all the proof from the beginning of that proof to the
equation (e 3.7). Moreover, we will refer to Theorem 2.5 of [24] instead of Lemma
1.12 of [24] and δ1, G and P are now stated in Theorem 2.5 of [24] (for X × S1).
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Note that we still assume that F ⊂ G1. Note that we have Qδ1,G ⊂ P . It should be
noted (see 1.7 of [24]) that
σX1×S1,F1,ǫ/32 ≤ σX×S1,F ,ǫ/32 = σ1.
Put σ = σX1×S1,F1,ǫ/32/4. Let Y be σ-dense inX.We assume that {x1, x2, ...., xm} ⊂
Y is σ -dense in X.
Without loss of generality, we may still assume, for each i, that there is j
such that ψ(gi,j) 6= 0. We may replace {t1, t2, ..., tl} by {ti(1), ti(2), ...ti(k(i))} with
ti(1) = 1. We assume that {xi × ti,j : j = 1, 2, ..., k(i), i = 1, 2, ...,m} is σ -dense in
Y. We now replace gi,j by gi,1, Ei,j by Ei,1 and E
′
i,j by E
′
i,1. Accordingly, (e 3.8),
(e 3.9),(e 3.10),(e 3.11) and (e 3.12) hold where we replace all j by 1, t1 by t1(1) and
tj by ti(1) = 1, respectively.
Now, instead of taking two projections in E0AE0, we choose e1 = E0. We also
introduce another homomorphism F3 as follows. By 2.25, there are monomorphisms
F1 : C(X × S1) → C(D) and F2 : C(D) → e1Ae1, where D is a finite union of
closed intervals. Put F3 = F2 ◦ F1. It follows from Cor. 1.14 of [24] that there is a
unital homomorphism ψ0 : C(X ×S1)→ e1Ae1 with finite dimensional range such
that
‖F3(f)− ψ0(f)‖ < min{ǫ/32, δ1/32} (e 3.33)
for all f ∈ G. Without loss of generality, by changing ǫ/32 to 2ǫ/32 = ǫ/16, we may
assume that
ψ0(f ⊗ g) =
∑
i,j
f(xi)g(tj)pi,j (e 3.34)
for all f ∈ C(X) and g ∈ C(S1) and {pi,j} is a set of finitely many mutually
orthogonal projections in e1Ae1 with
∑
i,j pi,j = e1. Define another homomorphism
ψ00 : C(X × S1)→ e1Ae1 such that
ψ00(f ⊗ g) =
m∑
i=1
f(xi)g(1)qi (e 3.35)
for all f ∈ C(X) and g ∈ C(S1), where qi =
∑
j pi,j , i = 1, 2, ...,m. Working in the
finite dimensional commutative C∗-subalgebra ψ0(C(X ⊗S1)), it is easy to obtain
a continuous rectifiable path of unitaries {vt : t ∈ [0, 1]} of e1Ae1 such that
v0 = ψ00(1⊗ z), v1 = ψ0(1 ⊗ z) and vtψ00(f) = ψ00(f)vt (e 3.36)
for all f ∈ C(X × S1) and t ∈ [0, 1]. Moreover,
Length({vt}) ≤ π. (e 3.37)
Since qi ≤ e1 = E0, the same argument in the proof of 3.3 provides a unitary
w1 ∈ A such that
adw1 ◦ (ψ00) + Φ1)(f) = Φ(f) (e 3.38)
for all f ∈ C(X × S1). It follows, as in the proof of 3.3, that
adw1 ◦ (ψ00 +Φ1)(f) ≈ǫ/16 ψ(f) on f ∈ G (e 3.39)
Put Vt = w
∗
1 [vt ⊕ Φ1(1⊗ z)]w1 for t ∈ [0, 1]. Then by (e 3.36) and (e 3.39),
‖[Vt, ψ(f ⊗ 1)]‖ < ǫ/8 (e 3.40)
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for all f ∈ F . We have, by (e 3.39),
‖V0 − u‖ = ‖w∗1(v0 ⊕ Φ1(1⊗ z))w1 − ψ(1 ⊗ z)‖ < ǫ/8 (e 3.41)
Note that
[adw1 ◦ (ψ00) + Φ1]|P = [ψ]|P .
Since ψ00 has finite dimensional range and [ψ]|kerρC(X) = {0}, by applying Theorem
2.5 of [24], one obtains a homomorphism Φ0 : C(X × S1) → (1 − E0)A(1 − E0)
such that
Φ1 ≈ǫ/16 Φ0 on F ′. (e 3.42)
Now define h¯ : C(X × S1)→ A by
h¯(f) = adw1 ◦ (F3 ⊕ Φ0)(f) for all f ∈ C(X × S1). (e 3.43)
By (e 3.42) and (e 3.39), we have
‖h¯(f ⊗ 1)− h(f)‖ < ǫ/8 for all f ∈ F . (e 3.44)
We estimate that, by (e 3.33) and (e 3.42),
‖V1 − h¯(1⊗ z)‖ = ‖w∗1(ψ0(1⊗ z)⊕ Φ1(1⊗ z))w1 − h¯(1 ⊗ z)‖ (e 3.45)
< ǫ/32 + ǫ/16 (e 3.46)
Note that u = ψ(1⊗ z). By connecting V1 with h¯(1⊗ z) and V0 to u appropriately,
we obtain a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = h¯(1 ⊗ z) and ‖[ut, h(f)]‖ < ǫ (e 3.47)
for all f ∈ F and t ∈ [0, 1]. Moreover,
Length({ut}) ≤ π + ǫπ (e 3.48)
Since F3 is a monomorphism, we conclude that h¯ is also a monomorphism.

Remark 3.5. In the statement of 3.4, define h2 : C(X1) → A by h2(f) =
h¯(s(f) ⊗ 1) for all f ∈ C(X1). Note that, if ǫ is small enough and F is large
enough, then bott1(h2, u1) = bott1(h, u) = 0 (see 2.7). Since X has dimen-
sion 1, s∗1(K1(C(X1))) = K1(C(X)). This implies that bott1(h
′
2, u1) = 0, where
h′2 : C(X)→ A by h′2(f) = h¯(f ⊗ 1) for f ∈ C(X).
It should be noted that in the statement of 3.3 and 3.4, the length of {ut} can
be controlled by π + ǫ.
Lemma 3.6. Let X be a connected finite CW complex with dimension 1. Then, for
any ǫ > 0 and any finite subset F ⊂ C(X), there is σ > 0 satisfying the following:
Suppose that A ∈ B is not finite dimensional and that h : C(X) → A is a unital
homomorphism whose spectrum is σ-dense in X and suppose that there is a unitary
u ∈ A with [u] = {0} in K1(A) such that
h(a)u = uh(a) for all a ∈ C(X) and bott1(h, u) = 0. (e 3.49)
Then, there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ (e 3.50)
for all a ∈ F and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 3.51)
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Proof. Let ǫ > 0 and F ⊂ C(X) be a finite subset. We may assume that F is
in the unit ball of C(X). Let P ⊂ K1(C(X)) be a finite subset containing a set of
generators. Let ǫ1 > 0 and F1 ⊂ C(X) be a finite subset so that ‖[h′(a), w]‖ < ǫ1
for all a ∈ F1 implies that bott1(h,w) is well defined for any unital homomorphism
h′ : C(X)→ A and any unitary w ∈ A. We may assume that ǫ1 < ǫ and F ⊂ F1.
Let σ be in 3.4 corresponding to ǫ1/4 and F1. There is a subset Y ⊂ X which
is a finite CW complex so that the spectrum of h is σ-dense in Y. Then it is clear
that the lemma follows from 3.3 and 3.4 (see also 3.5).

Theorem 3.7. Let X be a finite CW complex with dimension 1. Then, for any
ǫ > 0 and any finite subset F ⊂ C(X), there exists δ > 0, a finite subset G ⊂ C(X)
and σ > 0 satisfying the following:
Suppose that A ∈ B, suppose that h : C(X) → A is a unital homomorphism
whose spectrum is σ-dense in X and suppose that there is a unitary u ∈ A such
that
‖[h(a), u]‖ < δ for all a ∈ G, bott0(h, u) = 0 and bott1(h, u) = 0. (e 3.52)
Then there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ (e 3.53)
for all a ∈ F and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ 2π + ǫ. (e 3.54)
Proof. We assume that A is not finite dimensional. So A is not elementary.
The case that A is finite dimensional will be dealt next in 3.10. By considering each
connected component of X, since we have assume that bott0(h, u) = 0, one easily
reduces the general case to the case that X is connected (see also the beginning of
the proof of 7.4). So for the rest of this proof we assume that X is connected and
[u] = 0 in K1(A). Fix ǫ > 0 and a finite subset F ⊂ C(X). We may assume that
1 ∈ F . Let F ′ = {f ⊗ g : f ∈ F and g = 1, or g = z}. Let η1 > 0 (in place of η)
be in 3.6 corresponding to ǫ/2 and F . Put η = min{η1/2, ǫ/2}.
Let δ1 > 0, G1 ⊂ C(X × S1) and P ⊂ K(C(X × S1)) be a finite subset
required by Theorem 2.5 of [24] corresponding to η/2 and F ′. We may assume
that P contains a set of generators of β1(K1(C(X))) and δ1 < η. We may assume
that δ1 is sufficiently small and G2 is sufficiently large so that for any two δ1-G2-
multiplicative contractive completely positive linear maps Li : C(X×S1)→ B (for
any unital C∗-algebra ), [Li]|P is well-defined and
[L1]|P = [L2]|P , (e 3.55)
provided that
‖L1(f)− L2(f)‖ < δ1 for all f ∈ G1.
Moreover, by choosing even smaller δ1, we may assume that G1 = G′ ⊗ S, where
G′ ⊂ C(X) and S = {1C(S1), z}.
Let δ > 0 and G ⊂ C(X) (in place of F1) be a finite subset required in 2.8 for
δ1 (in place of ǫ) and G′ (in place of F).
Now suppose that h and u satisfy the conditions in the theorem for the above δ
and G. Let φ : C(X ×S1)→ A be defined by φ(f ⊗ g) = h(f)g(u) for all f ∈ C(X)
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and g ∈ C(S1). The condition that bott1(h, u) = 0, implies that
[ψ]|P = α(P) (e 3.56)
for some α ∈ Nk (see 2.1 of [24]). By 2.8 and Theorem 2.5 of [24], there is a unital
homomorphism H : C(X × S1)→ A such that
‖H(f ⊗ g)− ψ(f ⊗ g)‖ < η1/2 for all f ∈ G1 and g = 1, or g = z. (e 3.57)
Put h1(f) = H(f ⊗ 1) (for f ∈ C(X) and v = H(1⊗ z). Then
[h1, v] = 0, bott1(h1, v) = 0 and [v] = 0 in K1(A).
Thus 3.6 applies to h1 and v (with ǫ/2). By (e 3.57),
h1 ≈η1/2 h on G1. (e 3.58)
The lemma follows.

We actually prove the following:
Corollary 3.8. Let X1 be a finite CW complex with dimension 1. Then, for any
ǫ > 0 and any finite subset F ⊂ C(X), there exists δ > 0, a finite subset G ⊂ C(X)
and σ > 0 satisfying the following:
Suppose X is a finite CW complex which is also a compact subset of a finite
CW complex X ⊂ X1, suppose that A ∈ B, suppose that h : C(X)→ A is a unital
homomorphism whose spectrum is σ-dense in X and suppose that there is a unitary
u ∈ A such that
‖[h(a), u]‖ < δ for all a ∈ G, bott0(h, u) = 0 and bott1(h, u) = 0. (e 3.59)
Then there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ (e 3.60)
for all a ∈ F and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ 2π + ǫ. (e 3.61)
Corollary 3.9. Let X be a finite CW complex with dimension 1. Then, for any
ǫ > 0 and any finite subset F ⊂ C(X), there exists δ > 0 and a finite subset
G ⊂ C(X) satisfying the following:
Suppose that A ∈ B, suppose that h : C(X) → A is a unital monomorphism
and suppose that there is a unitary u ∈ A such that
‖[h(a), u]‖ < δ for all a ∈ G, bott0(h, u) = 0 and bott1(h, u) = 0. (e 3.62)
Then there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ (e 3.63)
for all a ∈ F and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ 2π + ǫ. (e 3.64)
The following lemma, in particular, deals with the case that C∗-algebras are
finite dimensional. The other reason to include the following is that, in the case
that K1(A) = 0, the bound for the length can be made shortest possible.
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Theorem 3.10. Let X be a finite CW complex of dimension 1. Then, for any ǫ > 0
and any finite subset F ⊂ C(X), there exists δ > 0 and a finite subset G ⊂ C(X)
satisfying the following:
Let A ∈ B with K1(A) = {0}, let h : C(X) → A be a unital homomorphism
and let u ∈ A be a unitary such that
‖[h(g), u]‖ < δ for all f ∈ G and bott1(h, u) = 0.
Then there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = 1A and ‖[h(f), ut]‖ < ǫ for all f ∈ F .
Moreover,
Length({ut}) ≤ π + ǫ.
Proof. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Let P0 ⊂ K0(C(X ×S1))
be a finite subset which contains a set of generators of kerρC(X×S1). There exists
δ0 > 0 and a finite subset G0 ⊂ C(X × S1) such that for any two unital δ0-G0-
multiplicative contractive completely positive linear maps L1, L2 : C(X ×S1)→ A
with
‖L1(f)− L2(f)‖ < δ0 for all f ∈ G0,
one has
[L1]|P0 = [L2]|P0 .
Without loss of generality, we may assume that G0 = G1 ⊗ S, where G1 ⊂ C(X) is
a finite subset and S = {1C(S1), z}. Put ǫ1 = min{ǫ/4, δ0/2} and F1 = F ∪ G1.
Let δ1 > 0, G2 ⊂ C(X) and P1 ⊂ K(C(X × S1)) be finite subsets required in
2.5 of [24] corresponding to ǫ1 and F1. Let α ∈ KK(C(X × S1), A) such that
α|kerρC(X×S1) = {0} and α([1C(X)]) = [1A].
(Note that kerρC(X×S1) = β1(K1(C(X))).) Without loss of generality, we may
assume that G2 = G ⊗ S, where G ⊂ C(X) is a finite subset. Put P = P1 ∪ P0. We
may also assume that G1 ⊂ G2 and δ1 < δ0/2.
Define ψ : C(X × S1) → A by ψ(f ⊗ g) = h(f)g(u) for all f ∈ C(X) and
g ∈ C(S1). Then, to simplify the notation, by applying 2.8, we may assume that ψ
is a δ1-G1-multiplicative contractive completely positive linear map. The condition
that K1(A) = {0} and bott1(h, u) = 0 implies that
[ψ]|P = α|P .
It follows from 2.5 of [24] that there exists a unital homomorphism H0 : C(X ×
S1)→ A such that
‖h(f)g(u)−H0(f ⊗ g)‖ < ǫ1 for all f ∈ F1 (e 3.65)
and g ∈ S. Let Y be the spectrum of H0. Then Y is a compact subset of X × S1.
By (3) and (4) of 3.1, the choice of δ0 and G0 and the condition that K1(A) = {0},
we have
[H0] ∈ N (e 3.66)
It follows from 1.14 of [24] that there is a unital homomorphism H : C(Y )→ A
with finite finite dimensional range such that
‖H0(f ⊗ g)−H(f ⊗ g)‖ < ǫ/4 for all f ∈ F (e 3.67)
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and g = 1 or g = z. In the finite dimensional commutative C∗-subalgebra
H(C(X × S1)), we find a continuous path of unitaries {vt : t ∈ [0, 1]} such that
v0 = H(1⊗ z), v1 = 1 and Length({vt}) ≤ π. (e 3.68)
The lemma then follows easily.

Corollary 3.11. Let ǫ > 0. There is δ > 0 satisfying the following:
For any two unitaries u and v in a unital C∗-algebra A ∈ B with K1(A) = {0}
and if
‖[u, v]‖ < δ and bott1(u, v) = 0,
then there exists a continuous path of unitaries {ut : t ∈ [0, 1]} of A such that
u0 = u, u1 = 1 and ‖[ut, v]‖ < ǫ.
Moreover,
Length({ut}) ≤ π + ǫ.
Theorem 3.12. Let X be a compact metric space with dimension no more than
1. Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exists δ > 0, σ > 0,
a finite subset G ⊂ C(X) and a finite subset P0 ⊂ K0(C(X)) and P1 ⊂ K1(C(X))
satisfying the following:
Suppose that A is a unital simple C∗-algebra in B, suppose that h : C(X)→ A
is a unital homomorphism whose spectrum is σ-dense in X and suppose that there
is a unitary u ∈ A such that
‖[h(a), u]‖ < δ for all a ∈ G, bott0(h, u)|P0 = 0 and bott1(h, u)|P1 = 0. (e 3.69)
Then there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ (e 3.70)
for all a ∈ F and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ 2π + ǫπ (e 3.71)
Proof. There is (by [40]) a sequence of one-dimensional finite CW complex
Xn such that C(X) = limn→∞(C(Xn), φn). For any ǫ > 0 and any finite subset
F ⊂ C(X), there is an integer N and a finite subset F1 ⊂ C(XN ) such that for
any f ∈ F , there exists gf ∈ F1 such that
‖f − φN (gf )‖ < ǫ/4 (e 3.72)
Replacing h by h ◦ φN , we see the theorem is reduced to the case that X is a
compact subset of a finite CW complex.
Now we assume that X is a compact subset of a finite CW complex. Then,
there is a sequence of finite CW complexes Xn ⊃ X such that ∩∞n=1Xn = X. In
particular,
lim
n→∞
dist(X,Xn) = 0.
Then the theorem follows from 3.8.

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Remark 3.13. When C∗-algebra A is in B, both Theorem 3.7 and Theorem 3.12
improve the Basic Homotopy Lemma of [2].
(1) The Basic Homotopy Lemma in [2] deals with the case that X = S1.
Theorem 3.7 allows more general spaces X which is a general one-dimensional
finite CW complex and may not be embedded into the R2. Furthermore, Theorem
3.12 allows any compact metric space with dimension no more than 1. It should
be noted that spaces such as Hawaii ear ring which is one dimensional but is not a
compact subset of any one-dimensional finite CW complex.
(2) The constant δ in Theorem 3.10 only depends on X, ǫ and F . It does not
depend on the spectrum of h which is a compact subset of X. In other words,
δ is independent of the choices of compact subsets of X. This case is a significant
improvement since in the Basic Homotopy Lemma of [2] the spectrum of the unitary
u is assumed to be δ-dense in S1 with a possible gap. It should also be noted that
if we do not care about the independence of δ on the subsets of X the proofs of
this section could be further simplified.
(3) In both Theorem 3.12 and Theorem 3.7, the length of the path {ut : t ∈
[0, 1]} is reduced to 2π + ǫ. This is a less than half of 5π + 1 required by the Basic
Homotopy Lemma of [2]. The Lemma 3.10 shows that, at least for the case that
K1(A) = {0} such as A is a simple AF-algebra, the length of the path can be
further reduced to π + ǫ which is the best possible bound. However, at this point,
we do not known that the bound 2π + ǫ can be further reduced in general.
(5) As indicated in [2], the path to the proof of Basic Homotopy Lemma in [2]
is long. Here we present a shorter route. The idea to establish something like 3.3
and then 3.4 is taken from our earlier result in [36] (see also Lemma 2.3 of [22]).
However, the execution of this idea in this section relies heavily on the results in
[24]. When the dimension of X becomes more than one, things become much more
complicated and some of them may not have been foreseen as we will see in the
next few sections.

CHAPTER 2
The Basic Homotopy Lemma for higher
dimensional spaces
4. K-theory and traces
Lemma 4.1. Let C be a unital amenable C∗-algebra and let A be a unital C∗-
algebra. Let φ : C ⊗ C(S1)→ A be a unital homomorphism and let u = φ(1⊗ z).
Suppose that ψ : C ⊗ C(S1)→ A is another homomorphism and v = ψ(1 ⊗ z)
such that
[φ|C ] = [ψ|C ] in KL(C,A), and Bott(φ|C , u) = Bott(ψ|C , v).
Then
[φ] = [ψ] in KL(C ⊗ C(S1), A).
In particular,
Bott(φ|C , u) = 0 (e 4.1)
if and only if
[ψ0] = [φ] in KL(C ⊗ C(S1), A) (e 4.2)
where ψ0(a⊗ f(z)) = φ(a)f(1A) for all f ∈ C(S1).
Moreover, we have the following:
(1) Suppose that C = C(X) for some connected finite CW complex and suppose
that kerρC(X) = {0} and K1(C(X)) has no torsion, if [u] = 0 in K1(A) and if
bott1(φ|C(X), u) = 0, (e 4.3)
then
[ψ0] = [φ] in KL(C(X × S1), A). (e 4.4)
(2) In the case that K0(C) has no torsion, or K0(A) is divisible, and at the
same time K1(C) has no torsion, or K1(A) is divisible, if
Botti(φ, u) = 0, i = 0, 1, (e 4.5)
then
[ψ0] = [φ] in KL(C(X × S1), A) (e 4.6)
(3) In the case that K0(A) is divisible and K1(A) = {0} and if
bott1(φ|C(X), u) = 0 (e 4.7)
then
[ψ0] = [φ] in KL(C(X × S1), A). (e 4.8)
(4) When K1(A) = {0} and K0(C(X)) has no torsion, and if
bott1(φ|C(X), u) = 0 (e 4.9)
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then
[ψ0] = [φ] in KL(C(X × S1), A). (e 4.10)
Proof. Let
β(0) : K0(C)→ K1(C ⊗ C(S1)), β(1) : K1(C)→ K0(C ⊗ C(S1)),
β
(0)
k : K0(C,Z/kZ)→ K1(C ⊗ C(S1),Z/kZ) and
β
(1)
k : K1(C,Z/kZ)→ K0(C ⊗ C(S1)),Z/kZ)
be defined by the Bott map, k = 2, 3, ... (as in 2.10). Put B = C ⊗C(S1). We have
the following two commutative diagrams.
K0(B) K0(B,Z/kZ) K1(B)
K0(A) K0(A,Z/kZ) K1(A)
K0(A) K1(A,Z/kZ) K1(A)
K0(B) K1(B,Z/kZ) K1(B)
✲ ✲
❅
❅
❅❘ ❄
 
 
 ✠
✲ ✲
✻
✻ ❄
❄
✛ ✛
 
 
 ✒
❅
❅
❅■✻
✛ ✛
[φ] [φ] [φ]
[φ] [φ] [φ]
and
K0(B) K0(B,Z/kZ) K1(B)
K0(A) K0(A,Z/kZ) K1(A)
K0(A) K1(A,Z/kZ) K1(A)
K0(B) K1(B,Z/kZ) K1(B)
✲ ✲
❅
❅
❅❘ ❄
 
 
 ✠
✲ ✲
✻
✻ ❄
❄
✛ ✛
 
 
 ✒
❅
❅
❅■✻
✛ ✛
[ψ] [ψ] [ψ]
[ψ] [ψ] [ψ]
Put φ′ = φ|C and ψ′ = ψ|C . Then
Ki(C ⊗ C(S1) = Ki(C)⊕ β(i−1)(Ki−1(C) and
Ki(C ⊗ C(S1),Z/kZ) = Ki(C ⊗ C(S1),Z/kZ)⊕ β(i−1)k (Ki−1(C ⊗ C(S1),Z/kZ)),
i = 0, 1 and k = 2, 3, ....
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This gives the following two commutative diagrams:
β(1)(K1(C)) β
(1)
k
(K1(C,Z/kZ)) β
(0)(K0(C))
K0(A) K0(A,Z/kZ) K1(A)
K0(A) K1(A,Z/kZ) K1(A)
β(1)(K1(C)) β
(0)
k
(K0(C,Z/kZ)) β
(0)(K0(C))
✲ ✲
❅
❅
❅❘
❄
 
 
 ✠✲ ✲
✻
✻ ❄
❄
✛ ✛
 
 
 ✒
❅
❅
❅■✻
✛ ✛
[φ] [φ] [φ]
[φ] [φ] [φ]
and
β(1)(K1(C)) β
(1)
k
(K1(C,Z/kZ)) β
(0)(K0(C))
K0(A) K0(A,Z/kZ) K1(A)
K0(A) K1(A,Z/kZ) K1(A)
β(1)(K1(C)) β
(0)
k
(K0(C,Z/kZ)) β
(0)(K0(C))
✲ ✲
❅
❅
❅❘
❄
 
 
 ✠✲ ✲
✻
✻ ❄
❄
✛ ✛
 
 
 ✒
❅
❅
❅■✻
✛ ✛
[ψ] [ψ] [ψ]
[ψ] [ψ] [ψ]
.
By the assumption that
Bott(φ′, u) = Bott(ψ′, v),
all the corresponding maps in the above two diagrams from outside six terms into
the inside six terms are the same. Then, by combining the assumption that
[φ′] = [ψ′],
we conclude that
[φ] = [ψ].
This proves the first part of the statement.
Note that
[ψ0|C ] = [φ′] in KL(C,A) and
Bott(ψ0|C , 1A) = 0.
Thus, by what we have proved,
[ψ0] = [φ] in KL(B,A)
if and only if Bott(φ′, u) = 0.
Now consider the special cases.
(1) When kerρC(X) = {0}, K0(C(X)) = Z. Thus if [u] = 0 in K1(A),
[φ] ◦ β(0) = {0} (e 4.11)
The condition that bott1(φ|C(X), u) = 0 implies that
[φ] ◦ β(1) = {0}. (e 4.12)
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Moreover, kerρC(X) = {0} implies that K0(C(X)) is torsion free. Thus by chasing
the upper half of the second diagram above, using the exactness, we see that
[φ]|
β
(1)
k (K1(C(X),Z/kZ))
= {0}, k = 2, 3, .... (e 4.13)
Similarly, since K1(C(X)) has no torsion, we have
[φ]|
β
(0)
k (K0(C(X),Z/kZ))
= {0}, k = 2, 3, .... (e 4.14)
Therefore (e 4.4) holds in this case.
The proof of the rest cases are similar. Note that in all these cases,
[φ]|β(i)(Ki(C(X)) = {0}, i = 0, 1. All additional conditions, by chasing the second
diagram, imply the the maps in the middle are zero, i.e.,
[φ]|
β
(i)
k (Ki(C(X),Z/kZ))
= {0}, i = 0, 1, k = 2, 3, .... (e 4.15)

Lemma 4.2. Let X be a connected finite CW complex and let A be a unital separa-
ble simple C∗-algebra with stable rank one, real rank zero and weakly unperforated
K0(A). Suppose that φ : C(X)→ A is a unital homomorphism. Then, for any non-
zero projection p ∈ A, there exists a unital monomorphisms h1, h2 : C(X) → pAp
such that
[h1|C0(YX )] = [φC0(YX)] and [h2|C0(YX )] + [φ|C0(YX )] = {0}. (e 4.16)
Proof. Recall YX = X \ ξX for a point ξX ∈ X (see 2.13).
We have
K0(C(X)) = Z⊕K0(C0(YX)) and K1(C(X)) = K1(C0(YX)). (e 4.17)
Moreover, we may write
K0(C(X),Z/kZ) = Z/kZ⊕K0(C0(YX),Z/kZ) and (e 4.18)
K1(C(X),Z/kZ) = K1(C0(YX),Z/kZ). (e 4.19)
Let q ≤ p be a nonzero projection such that p− q 6= 0. Define an element
γ1 ∈ HomΛ(K(C(X)),K(A)) by γ1([1C(X)]) = [q] and γ1([1C(X)]) = [q], where
[1C(X)] is the image of [1C(X)] under the map from K0(C(X))→ K1(C(X),Z/kZ)
in Z/kZ ⊂ K0(C(X))/kK0(C(X)) and [q] is the image of [q] under the map
K0(A) → K0(A,Z/kZ) in K0(A)/kK0(A), and define γ1(x) = [φ](x) for x ∈
K0(C0(YX)), for x ∈ K1(C(X)) = K1(C0(YX)), for x ∈ K0(C0(YX),Z/kZ) and for
x ∈ K1(C(X),Z/kZ) = K1(C0(YX),Z/kZ), k = 2, 3, .... It follows from (e 4.18) and
(e 4.19) that a straightforward computation shows that γ1 ∈ HomΛ(K(C(X)),K(A)).
Moreover, γ1 is an positive element since [φ] is. Similarly, define γ2([1C(X)]) =
γ1([1C(X)]), γ2([1C(X)]) = γ1([1C(X)]) = [q] and define γ2(x) = −γ1(x) for x ∈
K0(C0(YX)), for x ∈ K1(C(X)) = K1(C0(YX)), for x ∈ K0(C0(YX),Z/kZ) and for
x ∈ K1(C(X),Z/kZ) = K1(C0(YX),Z/kZ), k = 2, 3, .... The same argument shows
that γ2 ∈ KL(C(X), A)+. It now follows from Theorem 4.7 of [25] that there are
homomorphism h′1, h
′
2 : C(X)→ qAq such that
[h′1|C0(YX )] = [φ|C0(YX )] and [h′2|C0(YX )] + [φ|C0(YX)] = {0}. (e 4.20)
By applying 2.25, we obtain a unital monomorphism h00 : C(X)→ (p− q)A(p− q)
which factors through C([0, 1]). In particular,
[h00|C0(YX)] = 0 in KK(C(X), A).
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Now define h1 = h00 + h
′
1 and h2 = h00 + h
′′
2 .

Lemma 4.3. Let X be a compact metric space and let A be a unital separable simple
C∗-algebra with real rank zero, stable rank one and weakly unperforated K0(A).
Suppose that Λ : C(X)s.a → Aff(T (A)) is a unital positive linear map. Then, for
any γ > 0 and any finite subset G ⊂ C(X), there exists a unital homomorphism
φ : C(X)→ A with finite dimensional range such that
|τ ◦ φ(f)− Λ(f)(τ)| < γ for all f ∈ G and for all τ ∈ T (A). (e 4.21)
The proof is contained in the proof of Theorem 3.6 of [14]. We present here
for the convenience of the reader.
Proof. Let γ > 0 and G ⊂ C(X) be given. Without loss of generality, we
may assume that G ⊂ C(X)s.a. Choose δ = σX.γ/3,G . Suppose that {y1, y2, ..., yn}
is δ/2-dense in X. Let
Yj = {x ∈ X : dist(y, yj) < δ}, j = 1, 2, ..., n.
Let {g1, · · · , gn} be a partition of unity, i.e., a subset of nonnegative functions
in C(X) satisfying the following conditions:
(i) gi(x) = 0 for all x 6∈ Yi, i = 1, 2 · · · , n and
(ii)
∑n
i=1 gi(x) = 1 for all x ∈ X .
For each i, define gˆi ∈ Aff(T (A)) by
gˆi(τ) = τ(Λ(gi)).
If Λ(gi) 6= 0, then
inf{gˆi(τ) : τ ∈ T (A)} > 0,
since A is simple and T (A) is compact. Put
γ1 = inf{gˆi(τ) : τ ∈ T (A), gi ∈ G,Λ(gi) 6= 0}.
Let γ2 = min{γ, γ1}. If gˆi = 0, we choose qi = 0. Since A has real rank zero
and the range of the mapping ρA is dense in Aff(T (A)), if gˆi 6= 0, there exists a
projection qi ∈ A such that
‖ρA(qi)− (gˆi − γ2
6n
)‖ < γ2
6n
.
So for all τ ∈ T (A), if gˆi 6= 0,
τ(Λ(gi))− γ2
3n
< τ(qi) < τ(Λ(gi)).
Since Λ 6= 0, this implies for each i,
1− γ2
3
=
n∑
i=1
τ(Λ(gi))− γ2
3
<
n∑
i=1
τ(qi) <
n∑
i=1
τ(Λ(gi)) = 1.
Let Q = ⊕ni=1qi be a projection in Mn(A). It follows that τ(Q) < τ(1A) for all τ ∈
T (A). Since TR(Mn(A)) = 0, Mn(A) has the Fundamental Comparison Property
(see [26]). So from τ(Q) < τ(1A) for all τ ∈ T (A), one obtains mutually orthogonal
projections q′1, q
′
2, ..., q
′
n ∈ A such that [q′i] = [qi], i = 1, 2, ..., n. Put pi = q′i,
i = 1, 2, ..., n− 1 and pn = 1−
∑n−1
i=1 q
′
i.
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For any τ ∈ T (A),
τ(Λ(gn)) = 1−
n−1∑
i=1
τ(Λ(gi)) ≤ 1−
n−1∑
i=1
τ(qi) = τ(pn)
and
τ(pn) = 1−
n−1∑
i=1
τ(qi) < 1− (
n−1∑
i=1
τ(Λ(gi))− γ2
3
) < τ(Λ(gn)) +
γ2
3
.
So, for all τ ∈ T (A),
|τ(pi)− τ(Λ(gi))| ≤ γ2
3n
, i = 1, · · · , n− 1,
and
|τ(pn)− τ(Λ(gn)| < γ2
3
.
Define homomorphism φ by φ(f) =
∑n
i=1 f(yi)pi for f ∈ C(X). Then ψ is a
unital homomorphism from C(X) into A with finite dimensional range. Now, we
have, for any τ ∈ T (A), that
|τ(Λ(f))− τ(φ(f))| = |τ(Λ(f))−
n∑
k=1
f(yi)τ(pi)|
≤ |τ(Λ(f))−
n∑
i=1
f(yi)τ(Λ(gi))|+ |
n∑
i=1
f(yi)(τ(pi)− τ(Λ(gi)))|
≤
n∑
i=1
∫
Yi
|f(x)− f(yi)|gi(x)dµτ◦Λ + (n− 1) γ2
3n
+
γ2
3
<
γ
3
+
2γ2
3
≤ γ.

Corollary 4.4. Let X be a compact metric space and let A be a unital separable
simple C∗-algebra with real rank zero, stable rank one and weakly unperforated
K0(A). Suppose that L : C(X) → A is a unital positive linear map. Then, for
any γ > 0 and any finite subset G ⊂ C(X), there exists a unital homomorphism
φ : C(X)→ A such that
|τ ◦ φ(f)− τ ◦ L(f)| < γ for all f ∈ G and for all τ ∈ T (A). (e 4.22)
5. Some finite dimensional approximations
Lemma 5.1. Let X be a compact metric space, let ǫ > 0, γ > 0 and let F ⊂ C(X)
be a finite subset. There exists δ > 0 and there exists a finite subset G ⊂ C(X)
satisfy the following: Suppose that A is a unital C∗-algebra of real rank zero, τ :
A→ C is a state on A and φ : C(X)→ A is a unital δ-G-multiplicative contractive
completely positive linear map. Then, there is a projection p ∈ A, a unital ǫ-F-
multiplicative contractive completely positive linear map ψ : C(X)→ (1−p)A(1−p)
and a unital homomorphism h : C(X) → pAp with finite dimensional range such
that
‖φ(f)− (ψ(f)⊕ h(f))‖ < ǫ for all f ∈ F
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and
τ(1 − p) < γ.
Proof. Fix ǫ0 > 0 and γ0 > 0. Fix a finite subset F0 ⊂ C(X). Suppose that
the lemma is false. There exists a sequence of unital C∗-algebras {An} of real rank
zero, a sequence of unital δn-Gn-multiplicative contractive completely positive linear
maps φn : C(X)→ An and a sequence of states τn of An, where
∑∞
n=1 δn <∞ and
∪∞n=1Gn is dense in C(X), satisfying the following:
inf{sup{‖φn(f)− [(1− pn)φn(f)(1− pn) + hn(f)]‖ : f ∈ F0}} ≥ ǫ0, (e 5.1)
where the infimum is taken among all possible projections pn ∈ An with
τn(1− pn) < γ0 and
all possible unital homomorphisms hn : C(X)→ pnApn, n = 1, 2, ....
Define Φ : C(X) → l∞({An}) by Φ(f) = {φn(f)} and define q : l∞({Bn}) →
q∞({Bn}) = l∞({Bn})/c0({Bn}). Then q ◦ Φ : C(X) → q∞({Bn}) is a homo-
morphism. There is a compact subset Y ⊂ X and monomorphism Ψ¯ : C(Y ) →
q∞({Bn}) such that
Ψ¯ ◦ π = q ◦ Φ,
where π : C(X)→ C(Y ) is the quotient map. Define
tn({an}) = τn(an)
for {an} ∈ l∞({Bn}). Let τ be a weak limit of {τn}. By passing to a subsequence,
if necessary, we may assume that
lim
n→∞
tn({an}) = τ({an})
for all {an} ∈ Φ(C(X)).Moreover, since for each {an} ∈ c0({Bn}), limn→∞ tn(an) =
0, we may view τ as a state of q∞({Bn}). Note that q∞({Bn}) has real rank zero. It
follows from Lemma 2.11 of [24] that there is a projection p¯ ∈ q∞({Bn}) satisfying
the following:
‖Ψ¯(f)− [(1− p¯)Ψ¯(f)(1− p¯) +
m∑
i=1
f(xi)p¯i]‖ < ǫ0/3 and (e 5.2)
‖(1− p¯)Ψ(f)−Ψ(f)(1− p¯)‖ < ǫ0/3 (e 5.3)
for all f ∈ F0, where {p¯1, p¯2, ..., p¯m} is a set of mutually orthogonal projections and
{x1, x2, ..., xm} is a finite subset of X, and where
τ(1 − p¯) < γ0/3.
It follows easily that there is a projection P ∈ l∞({Bn})) and are mutually orthog-
onal projections {P1, P2, ..., Pm} ⊂ l∞({Bn}) such that
q(P ) = p¯ and q(Pi) = p¯i, i = 1, 2, ...,m.
There are projections p(n), p
(n)
i ∈ An, i = 1, 2, ...,m, and n = 1, 2, ... such that
P = {p(n)} and Pi = {p(n)i }, i = 1, 2, ...,m.
It follows that, for all sufficiently large n,
‖φn(f)− [(1 − p(n))φn(f)(1 − p(n))−
m∑
i=1
f(xi)p
(n)
i ]‖ < ǫ0/2
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for all f ∈ F0 and
τn(1− p(n)) < γ0/2.
This contradicts with (e 5.1).

Corollary 5.2. Let X be a compact metric space, let ǫ > 0, γ > 0 and let F ⊂
C(X) be a finite subset. There exists δ > 0 and there exists a finite subset G ⊂
C(X) satisfy the following: Suppose that A is a unital C∗-algebra of real rank
zero, τ : A → C is a state on A and φ : C(X) → A is a unital δ-G-multiplicative
contractive completely positive linear map and u ∈ A is an element such that
‖u∗u− 1‖ < δ, ‖uu∗ − 1‖ < δ and
‖[φ(g), u]‖ < δ for all g ∈ G.
Then, there is a projection p ∈ A, and a unital homomorphism h : C(X)→ pAp
with finite dimensional range such that
‖φ(f)g(u)− ((1− p)φ(f)g(u)(1 − p)⊕ h(f ⊗ g))‖ < ǫ and (e 5.4)
‖[(1− p), φ(f)]‖ < δ (e 5.5)
for all f ∈ F and g = 1C(X) or g = z, where
h(f ⊗ g) =
n∑
i=1
m(i)∑
j=1
f(yi)g(ti,j)pi,j for all f ∈ C(X), g ∈ C(S1), (e 5.6)
where yi ∈ X and ti,j ∈ S1 and {pi,j : i, j} is a set of mutually orthogonal non-zero
projections with
∑
i=1
∑m(i)
j=1 pi,j = p and
τ(1 − p) < γ.
Moreover, for any η > 0, we may assume that
m(i)∑
j=1
pi,j ⊂ φ(fi ⊗ 1)Aφ(fi ⊗ 1), (e 5.7)
where fi ∈ C(X1) such that 0 ≤ fi ≤ 1, fi(y) = 1 if y ∈ O(yi, η/2) ⊂ X1 and
fi(y) = 0 if y 6∈ O(yi, η) ⊂ X1, i = 1, 2, ..., n.
Proof. We make a few modification of the proof of 5.1. In the proof of 5.1,
define a linear map Ln : C(X ⊗ S1) → Bn by Ln(f ⊗ g) = φn(f)g(un), where
φn : C(X) → Bn is a sequence of δn-Gn-multipolicative contractive completely
positive linear maps and un ∈ Bn with
lim
n→∞
‖u∗nun − 1Bn‖ = 0 = limn→∞ ‖unu
∗
n − 1Bn‖ = 0 and
lim
n→∞
‖[φn(f), un]‖ = 0 for all f ∈ C(X).
Redefine Φ : C(X ×S1)→ l∞({Bn}) by Ψ(f ⊗ g) = {Ln(f ⊗ g)} for f ∈ C(X)
and g ∈ C(S1). Then Ψ¯ = q◦Ψ : C(X×S1)→ q∞({Bn}) is a unital homomorphism,
where q : l∞({Bn})→ q∞({Bn}) is the quotient map.
In this case, in (e 5.2), we may replace (e 5.2) by the following:
‖Ψ¯(f)− [(1 − p¯)Ψ¯(f)(1 − p¯) +
n∑
i=1
m(i)∑
j=1
f(yi)g(ti,j)p¯i,j ]‖ < ǫ0/3 (e 5.8)
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for all f ∈ F and g ∈ S, where S = {1C(S1), z}. As in proof of 5.1, we conclude
that (e 5.4) and (e 5.5) hold.
For any η > 0, from the the proof of 2.11 of [24], we may assume that
p¯i,j ∈ BGi , j = 1, 2, ...,m(i), i = 1, 2, ..., n (e 5.9)
where Gi = O(yi, η/2) and BGi is the hereditary C
∗-subalgebra generated by
Ψ¯(fi ⊗ 1), i = 1, 2, ..., n.
Let Bn be as in the proof of 5.1. Let p
(n)
i,j ∈ Bn be projections such that
q ◦ ({p(n)i,j }) = p¯i,j , j = 1, 2, ...,m(i) and i = 1, 2, ..., n. Then
lim
n→∞
‖φn(fi ⊗ 1)p(n)i,j φn(fi ⊗ 1)− p(n)i,j ‖ = 0. (e 5.10)
It follows from 2.5.3 of [28] that, for each sufficiently large n, there is a projection
q
(n)
i,j ∈ φn(fi ⊗ 1)Aφn(fi ⊗ 1) such that
lim
n→∞
‖p(n)i,j − q(n)i,j ‖ = 0. (e 5.11)
It follows that we may replace p
(n)
i,j by q
(n)
i,j and then the corollary follows.

Lemma 5.3. Let X be a compact metric space, let ǫ > 0, γ > 0 and let F ⊂ C(X)
be a finite subset. There exists δ > 0 and there exists a finite subset G ⊂ C(X)
satisfy the following: Suppose that A is a unital C∗-algebra of tracial rank zero and
φ : C(X) → A is a unital δ-G-multiplicative contractive completely positive linear
map. Then, there is a projection p ∈ A, a unital ǫ-F-multiplicative contractive com-
pletely positive linear map ψ : C(X)→ (1−p)A(1−p) and a unital homomorphism
h : C(X)→ pAp with finite dimensional range such that
‖φ(f)− (ψ(f)⊕ h(f))‖ < ǫ for all f ∈ F
and
τ(1 − p) < γ for all τ ∈ T (A).
In particular, ψ can be chosen to be ψ(f) = (1− p)φ(f)(1 − p) for all f ∈ C(X).
Proof. Fix ǫ > 0, γ > 0 and a finite subset F ⊂ C(X).
Let δ0 > 0 and G0 ⊂ C(X) be finite subset required by 5.1 corresponding to
ǫ/2 and γ/2.
Choose δ = δ0/2 and G = G0 and let φ : C(X)→ A be a homomorphism which
satisfies the conditions of the lemma.
Since TR(A) = 0, there exists a sequence of finite dimensional C∗-subalgebras
Bn with en = 1Bn and a sequence of contractive completely positive linear maps
φn : A→ Bn such that
(1) limn→∞ ‖ena− aen‖ = 0 for all a ∈ A,
(2) limn→∞ ‖φn(a)− enaen‖ = 0 for all a ∈ A and φn(1) = en;
(3) limn→∞ ‖φn(ab)− φn(a)φn(b)‖ = 0 for all a, b ∈ A and
(4) τ(1 − en)→ 0 uniformly on T (A).
We write Bn = ⊕r(n)i=1 D(i, n), where each D(i, n) is a simple finite dimensional
C∗-algebra, a full matrix algebra. Denote by Φ(i, n) : A → D(i, n) the map which
is the composition of the projection map from Bn onto D(i, n) with φn. Denote by
τ(i, n) the standard normalized trace on D(i, n). Put φ(i,n) = Φ(i, n) ◦φ. From (1),
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(2), (3), (4) above, by applying 5.1 to each φ(i,n), for each i ( and τ(i, n)) and all
sufficiently large n, we have
‖φ(i,n)(f)− [(1D(i,n) − pi,n)φ(i,n)(f ⊗ z)(1D(i,n) − pi,n) +
m(i)∑
j=1
f(xi,j)pj,i,n]‖ < ǫ/4
(e 5.12)
for all f ∈ F , where xj ∈ X, {pj,i,n : j, i} are mutually orthogonal projections in
D(i, n),
∑m(i)
j=1 pj,i,n = pi,n with
τ(i, n)(en − pi,n) < γ/3 (e 5.13)
and pi,n =
∑m
j=1 pj,i,n, i = 1, 2, ..., r(n).
Put qn =
∑r(n)
i=1 pi,n. For any τ ∈ T (A), τ |Bn has the form
τ |Bn =
r(n)∑
i=1
αi,nτ(i, n),
where αi,n ≥ 0 and
∑r(n)
i=1 αi,n < 1. Thus, by (e 5.13),
τ(en − qn) <
r(n)∑
i=1
αi,n(γ/3) = γ/3
Therefore
τ(1 − pn) < γ/3 + γ/3 < γ for all τ ∈ T (A). (e 5.14)
Define hn : C(X)→ Bn by
hn(f) =
r(n)∑
i=1
m(i)∑
j=1
f(xi,j)pj,i,n
for all f ∈ C(X) and define ψn : C(X)→ (1− qn)A(1 − qn) by
ψn(f) = (1− qn)ψ(f)(1 − qn)
for f ∈ C(X). From (e 5.12) and (e 5.14), the lemma follows by choosing h = hn
and ψ = ψn for sufficiently large n and with δ < ǫ/2 and G ⊃ F .

Lemma 5.4. Let X be a compact metric space, let ǫ > 0, γ > 0 and let F ⊂ C(X)
be a finite subset. There exists δ > 0 and there exists a finite subset G ⊂ C(X)
satisfy the following: Suppose that A is a unital C∗-algebra of tracial rank zero and
φ : C(X)→ A is a unital homomorphism and u ∈ A is a unitary such that
‖[φ(g), u]‖ < δ for all g ∈ G.
Then, for any η > 0 and any finite subset F1 ⊂ C(X), there is a projection p ∈ A
and a unital homomorphism h : C(X) → pAp with finite dimensional range such
that
‖φ(f)g(u)− ((1 − p)φ(f)g(u)(1− p)⊕ h(f ⊗ g))‖ < ǫ (e 5.15)
for all f ∈ F , g ∈ S,
‖φ(f)− (1 − p)φ(f)(1 − p)⊕ h(f ⊗ 1)‖ < η for all f ∈ F1, (e 5.16)
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‖[(1− p), φ(f)]‖ < η for all f ∈ F1 (e 5.17)
and
τ(1 − p) < γ for all τ ∈ T (A),
where S = {1C(S1), z}.
Proof. We will use the proof of 5.3 and 5.2 We proceed the proof of 5.3. By
applying 5.2, in stead of (e 5.12) we can have
‖Φ(i, n)(φ(f)g(u)) (e 5.18)
−[(1D(i,n) − pi,n)Φ(i, n)(φ(f)g(u))(1D(i,n) − pi,n) +Hi,n(f ⊗ g)]‖ < ǫ/4 (e 5.19)
for all f ∈ F and g ∈ S, where
Hi,n(f ⊗ g) =
L(i)∑
j=1
m(j)∑
k=1
f(xi,j)g(ti,j,k)pi,j,k (e 5.20)
for all f ∈ C(X) and g ∈ C(S1), and where {pi,j,k : i, j, k} are mutually orthogonal
projections with
∑
j,k pi,j,k = pi,n. For any η > 0, choose σ = σX,ǫ/8,F1 .
By applying 5.2, we may assume that
pi,j,k ∈ Φ(i, n) ◦ φ(fi,j)AΦ(i, n) ◦ φ(fi,j), (e 5.21)
where fi,j ∈ C(X) such that 0 ≤ fij ≤ 1, fi,j(x) = 1 if x ∈ O(xi,j , σ/2) and
fi,j(x) = 0 if x 6∈ O(xi,j , σ). By the choice of σ, it follows, since φ is a homomor-
phism, for all sufficiently large n,
‖Φ(i, n) ◦ φ(f)− [(1D(i,n) − pi,n)Φ(i, n) ◦ φ(f)(1D(i,n) − pi,n) +Hi,n(f ⊗ 1)]‖ < η
and
‖[Φ(i, n) ◦ φ(f),Φ(i, n)(u)]‖ < η
for all f ∈ F1. The lemma then follows.

Corollary 5.5. Let X be a compact metric space, let ǫ > 0 and let F ⊂ C(X)
be a finite subset. There exists δ > 0 and there exists a finite subset G ⊂ C(X)
satisfy the following: Suppose that A is a unital C∗-algebra of real rank zero and
φ : C(X)→ A is a unital homomorphism and u ∈ A is a unitary such that
‖[φ(g), u]‖ < δ for all g ∈ G.
Then, for any η > 0 and any finite subset F1 ⊂ C(X), there is a non-zero projection
p ∈ A and a unital homomorphism h : C(X)→ pAp with finite dimensional range
such that
‖φ(f)g(u)− ((1 − p)φ(f)g(u)(1− p)⊕ h(f ⊗ g))‖ < ǫ (e 5.22)
for all f ∈ F , g ∈ S,
‖φ(f)− (1 − p)φ(f)(1 − p)⊕ h(f ⊗ 1)‖ < η for all f ∈ F1, (e 5.23)
‖[(1− p), φ(f)]‖ < η for all f ∈ F1. (e 5.24)
Proof. This follows from 5.2 as in the proof of 5.4. But we do not need to
consider the trace. 
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Remark 5.6. It is essentially important in both 5.5 and 5.4 that η and F1 are
independent of the choice of δ and G so that η can be made arbitrarily small and
F1 can be made arbitrarily large even after δ and G have been determined.
In 5.5, h(f) =
∑m
j=1 f(ξj)pj for all f ∈ C(X × S1), where xj ∈ X × S1 and
p1, p2, ..., pm is a set of mutually orthogonal non-zero projections. In particular, we
may assume that h(f) = f(x1)p1, by replacing (1− p)φ(1− p) by (1− p)φ(1− p) +∑m
j=2 f(xj)pj . But the latter term is close to (1− p1)φ(1− p1) within 2ǫ in (e 5.22)
and within 2η in (e 5.23). Moreover, (e 5.24) holds if one replaces p by p1 and η by
2η. Therefore, the lemma holds, if h has the form h(f) = f(x)p for a single point.
Moreover, it works for any projection q ≤ p.
We need the following statement of a result of S. Zhang (1.3 of [49]).
Lemma 5.7. (Zhang’s Riesz Interpolation) Let A be a unital C∗-algebra with real
rank zero. If p1, p2, ..., pn are mutually orthogonal projections in A and q is another
projection such that q is equivalent to a projection in (p1 + p2 + · · · pn)A(p1 + p2 +
· · · pn), then there are projections q′ and q1, q2, ..., qn in A such that q and q′ are
equivalent and q′ = q1 + q2 + · · ·+ qn, qi ≤ pi, i = 1, 2, ..., n.
Proof. This follows from 1.3 of [49] immediately. There is a partial isometry
v ∈ A such that
v∗v = q and vv∗ ≤ p1 + p2 · · ·+ pn.
Put e = vv∗. By 1.3 of [49], one obtains mutually orthogonal projections e1, e2, ..., en ∈
A such that
e = e1 + e2 · · ·+ en
and there are partial isometries vi ∈ A such that
v∗i vi = ei and viv
∗
i ≤ pi, i = 1, 2, ..., n.
Now define qi = viv
∗
i , i = 1, 2, ..., n and q
′ =
∑n
i=1 qi.

Lemma 5.8. Let A be a unital C∗-algebra of real rank zero and let p1, p2, ..., pn be
a set of mutually orthogonal projections with p =
∑n
i=1 pi. Suppose that e1, e2, ..., em
are mutually orthogonal projections such that e =
∑m
j=1 ej and e is equivalent to
p. Then there exists a unital commutative finite dimensional C∗-subalgebra B of
pAp which contains p1, p2, ..., pn and q1, q2, ..., qm such that qj is equivalent to ej,
j = 1, 2, ...,m.
Proof. There is a projection e′j ∈ pAp such that e′i is equivalent to ej , i =
1, 2, ...,m. By Zhang’s Riesz interpolation theorem (5.7), there are projections q1,i ≤
pi, i = 1, 2, ..., n such that q1 is equivalent to e1, where q1 =
∑n
i=1 q1,i. Note that
q1,i commutes with each pi, i = 1, 2, ..., n. We then repeat this argument to e
′
j,
j = 2, 3, ...,m and pi − q1,i, i = 1, 2, ...., n. The lemma then follows.

Lemma 5.9. Let X be a compact metric space, let ǫ > 0, γ > 0 and F ⊂ C(X)
be a finite subset. There exists δ > 0 and there exists a finite subset G ⊂ C(X)
satisfying the following.
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero
and ψ1, ψ2 : C(X) → A are two δ-G-multiplicative contractive completely positive
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linear maps. Then
‖ψi(f)− (φi(f)⊕ hi(f))‖ < ǫ for all f ∈ F , (e 5.25)
where φi : C(X) → (1 − pi)A(1 − pi) is a unital ǫ-F-multiplicative contractive
completely positive linear map and hi : C(X) → piApi is a unital homomorphism
with finite dimensional range (i = 1, 2) for two unitarily equivalent projections
p1, p2 ∈ A for which
τ(1 − pi) < σ for all τ ∈ T (A). (e 5.26)
Proof. By applying 5.3 to ψ1 and ψ2, we obtain that φ
′
i : C(X) → (1 −
pi)A(1 − pi) is a unital ǫ-F -multiplicative contractive completely positive linear
map and h′i : C(X) → piApi is a unital homomorphism with finite dimensional
range (i = 1, 2) such that
‖ψi(f)− (φ′i(f)⊕ h′i(f))‖ < ǫ for all f ∈ F , i = 1, 2, and
τ(1 − pi) < σ/2 for all τ ∈ T (A).
Write
h′i(f) =
m(i)∑
k=1
f(x
(i)
k )p
(i)
k for all f ∈ C(X),
where {p(i)k : k = 1, 2, ...,m(i)} is a set of mutually orthogonal projections and
x
(i)
k ∈ X, k = 1, 2, ...,m(i), i = 1, 2. Since A is a simple C∗-algebra with tracial
rank zero, there is a projection q(i) ≤ p(i) such that
[q(1)] = [q(2)] and τ(p(i) − q(i)) < σ/3
for all τ ∈ T (A). By Zhang’s Riesz interpolation (5.7), there are e(i)k ≤ p(i)k such
that
[
m(i)∑
k=1
q(i)e
(i)
k ] = [q
(i)], i = 1, 2. (e 5.27)
Let pi =
∑m(i)
k=1 e
(i)
k , put
φi(f) = φ
′
i(f) +
m(i)∑
k=1
f(x
(i)
k )(p
(i)
k − e(i)k ) and
hi(f) =
m(i)∑
k=1
f(x
(i)
k )e
(i)
k
for all f ∈ C(X), i = 1, 2. It is clear that so defined φi and hi satisfy the require-
ments.

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6. The Basic Homotopy Lemma — full spectrum
Theorem 6.1. Let X be a connected finite CW complex (with a fixed metric), let A
be a unital separable simple C∗-algebra with tracial rank zero and let h : C(X)→ A
be a unital monomorphism. Suppose that u ∈ A is a unitary such that
h(a)u = uh(a) for all a ∈ C(X) and Bott(h, u) = 0. (e 6.1)
Suppose also that the homomorphism ψ : C(X × S1) → A induced by ψ(a ⊗ z) =
h(a)u is injective. Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there is a
continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A such that
‖[h(a), ut]‖ < ǫ for all t ∈ [0, 1], a ∈ F and u0 = u, u1 = 1A. (e 6.2)
Moreover,
Length({ut}) ≤ π + ǫπ. (e 6.3)
Proof. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Without loss of generality,
we may assume that 1C(X) ∈ F . Let F1 = {a ⊗ b : a ∈ F , b = u, b = 1}. Let
η = σX×S1,ǫ/16,F1 (be as in 2.19). Let {x1, x2, ..., xm} be η/2-dense in X × S1 and
let s ≥ 1 be an integer such that Oi ∩Oj = ∅, if i 6= j, where
Oi = {x ∈ X × S1 : dist(x, xi) < η/2s}, i = 1, 2, ...,m.
Since A is simple, there exists σ > 0 such that
µτ◦ψ(Oi) ≥ 2ση, i = 1, 2, ...,m (e 6.4)
for all τ ∈ T (A). Let 1/2 > γ > 0, δ > 0, G ⊂ C(X × S1) be a finite subset
of C(X × S1) and P ⊂ K(C(X × S1)) be a finite subset required by Theorem
4.6 of [32] associated with ǫ/16, σ/2 and F1. We may assume that δ and G are
so chosen that Qδ,G ⊃ P . In other words, for any G-δ-multiplicative contractive
completely positive linear map L : C(X × S1) → B (any unital C∗-algebra B),
[L]|P is well-defined.
Choose x ∈ X and let ξ = x × 1. Let YX = X \ {x}. Choose η1 > 0 such
that |f(ζ) − f(ζ′)| < min{δ/2, ǫ/16} if dist(ζ, ζ′) < η1 for all f ∈ G. Let g ∈
C(X×S1) be a nonnegative continuous function with 0 ≤ g ≤ 1 such that g(ζ) = 1
if dist(ζ, ξ) < η1/2 and g(ζ) = 0 if dist(ζ, ξ) ≥ η1. Since A is simple and ψ is
injective, ψ(g)Aψ(g) 6= {0}. Since TR(A) = 0, A has real rank zero. Choose two
non-zero mutually orthogonal and mutually equivalent projections e1 and e2 in the
simple C∗-algebra ψ(g)Aψ(g) ( 6= {0}) for which
τ(e1 + e2) < min{γ/4, ση/4} for all τ ∈ T (A). (e 6.5)
It follows from 4.2 that there are unital homomorphisms h1 : C(X) → e1Ae1
and h2 : C(X)→ e2Ae2 such that
[h1|C0(YX)] = [h|C0(YX)] and [h2|C0(YX)] + [hC0(YX)] = {0}. (e 6.6)
Define ψ1 : C(X × S1) → e1Ae1 by ψ1(a ⊗ f) = h1(a)f(1)e1 for a ∈ C(X) and
f ∈ C(S1) and define ψ2 : C(X × S1) → e2Ae2 by ψ2(a ⊗ f) = h2(a)f(1)e2 for
a ∈ C(X) and f ∈ C(S1). Put e = e1+e2.Define Ψ0 : C(X×S1)→ (1−e1)A(1−e1)
by Ψ0(a⊗ f) = ψ2(a⊗ f)⊕ (1− e)h(a)g(u)(1− e) for all a ∈ C(X) and f ∈ C(S1)
and define Ψ : C(X)→ A by
Ψ(b) = ψ1(a⊗ f)⊕Ψ0(b) for all b ∈ C(X × S1). (e 6.7)
Given the choice of η1, both Ψ0 and Ψ are δ-G-multiplicative.
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Since τ(e1) < min{γ/4, σ · η/4}, we also have that
µτ◦Ψ(Oi) ≥ 7ση/4, i = 1, 2, ...,m. (e 6.8)
By 4.4, there is a unital homomorphism φ0 : C(X × S1)→ (1− e1)A(1− e1) with
finite dimensional range such that
|τ ◦ φ0(b)− τ ◦Ψ0(b)| < γ/2 for all b ∈ G and (e 6.9)
µτ◦φ0(Oi) ≥ ση, i = 1, 2, ...,m (e 6.10)
for all τ ∈ T (A).
Note that
ψ ≈δ/2 f(ξ)(e1 + e2)⊕ (1− e)ψ(1− e) on G. (e 6.11)
Thus, by applying 4.1 and by (e 6.6), since Pδ,G ⊃ P ,
[Ψ0]|P = [φ0]|P . (e 6.12)
Note that τ(1 − e1) ≥ 3/4 and γ/2τ(1−e1) < γ for all τ ∈ T (A). It then follows from
Theorem 4.6 of [32] and (e 6.9), (e 6.10) and (e 6.12) that there exists a unitary
w1 ∈ (1− e1)A(1 − e1) such that
adw1 ◦ φ0 ≈ǫ/16 Ψ0 on F1. (e 6.13)
On the other hand, we have
µτ◦Ψ(Oi) ≥ 7ση/4, for all τ ∈ T (A), i = 1, 2, ...,m. (e 6.14)
Moreover,
|τ ◦Ψ(b)− τ ◦ ψ(b)| < γ for all b ∈ G and for all τ ∈ T (A). (e 6.15)
Furthermore, by 4.1 and by (e 6.6),
[Ψ]|P = [ψ]|P . (e 6.16)
It follows from Theorem 4.6 of [32] that there exists a uniatry w2 ∈ A such that
adw2 ◦Ψ ≈ǫ/16 ψ on F1 (e 6.17)
Let ω = φ0(1⊗ z). Put A0 = φ0(C(X×S1)). Since φ0 has finite dimensional range,
A0 is a finite dimensional commutative C
∗-algebra. Thus there is a continuous
rectifiable path of unitaries {ωt : t ∈ [0, 1]} in A0 ⊂ (1 − e1)A(1 − e1) such that
ω0 = ω, ω1 = 1− e1 and ‖[φ0(a⊗ 1), ωt]‖ = 0 (e 6.18)
for all a ∈ C(X) and for all t ∈ [0, 1], and
Length({ωt}) ≤ π. (e 6.19)
Define
Ut = w
∗
2(e1 + w
∗
1(ωt)w1)w2 for all t ∈ [0, 1]. (e 6.20)
Clearly U1 = 1A. Then, by (e 6.13) and (e 6.17),
‖U0 − u‖ = ‖adw2 ◦ (ψ1(1⊗ z)⊕ adw1 ◦ φ0(1⊗ z))− u‖
< ǫ/16 + ‖adw2 ◦ (ψ1(1⊗ z)⊕Ψ0(1 ⊗ z))− u‖
< ǫ/16 + ǫ/16 + ‖ψ(1⊗ z)− u‖ = ǫ/8. (e 6.21)
We also have, by (e 6.13), (e 6.17) (e 6.21) and (e 6.18),
‖[h(a), Ut]‖ = ‖[ψ(a⊗ 1), Ut]‖ < 2(ǫ/8) + ǫ/16 = 5ǫ/16 (e 6.22)
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for all a ∈ F . Moreover,
Length({Ut}) ≤ π. (e 6.23)
By (e 6.23) and (e 6.22), we obtain a continuous rectifiable path of unitaries {ut :
t ∈ [0, 1]} of A such that
u = u0, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all t ∈ [0, 1]. (e 6.24)
Furthermore,
Length({ut}) ≤ π + ǫπ. (e 6.25)

Lemma 6.2. Let X be a compact metric space, ǫ > 0 and F ⊂ C(X) be a finite
subset. Let L ≥ 1 be an integer and let 0 < η ≤ σX,F ,ǫ/8. Then, for any integer s >
0, any finite η/2-dense subset {x1, x2, ..., xm} of X for which Oi∩Oj = ∅, if i 6= j,
where
Oi = {ξ ∈ X : dist(ξ, xi) < η/2s}
and any 1/2s > σ > 0, there exist a finite subset G ⊂ C(X × S1), δ > 0 and an
integer l > 0 with 8π/l < ǫ satisfying the following:
For any unital separable simple C∗-algebra A with tracial rank zero and any
δ-G-multiplicative contractive completely positive linear map φ : C(X × S1) → A,
if µτ◦φ(Oi × S1) > σ · η for all τ ∈ T (A) and for all i, then there are mutually
orthogonal projections pi,1, pi,2, ..., pm,l in A such that
‖φ(f⊗g(z))−((1−p)φ(f⊗g(z))(1−p)+
m∑
i=1
J(i)∑
j=1
f(xi)g(zi,j)pi,j‖ < ǫ for all f ∈ F
and ‖(1− p)φ(f ⊗ g)− φ(f ⊗ g)(1− p)‖ < ǫ,
where g = 1C(S1) or g(z) = z, p =
∑m
i=1 pi, pi =
∑k
j=1 pi,j and zi,j are points on
the unit circle, 1 ≤ J(i) ≤ l,
τ(pk) >
3σ
4
· η for all τ ∈ T (A), k = 1, 2, ...,m.
Proof. There are fi ∈ C(X) such that 0 ≤ f ≤ 1, f(x) = 0 if x 6∈ Oi and
τ ◦ φ(fi) > µφ(Oi)− σ · η/8 (e 6.26)
for all τ ∈ T (A), i = 1, 2, ...,m. Put F1 = F ∪ {f1, f2, ..., fm}, S = {1C(S1), z}, and
F ′ = F1 ⊗ S.
Put γ = ση/16. Let δ > 0 and G ⊂ C(X × S1) be a finite subset which are
required by 5.3 for min{ǫ/2, γ/2} (in place of ǫ), γ and F ′ (in place of F).
Suppose that φ satisfies the assumption of the lemma for δ and G above.
Applying 5.3, we obtain a projection p, a homomorphism H : C(X×S1)→ pAp
with finite dimensional range and an ǫ/2-G-multiplicative contractive completely
positive linear map ψ0 : C(X × S1)→ (1− p)A(1 − p) such that
‖φ(f)− [ψ0(f) +H(f)]‖ < min{ǫ/2, γ/2} (e 6.27)
for all f ∈ F ′ and
τ(1 − p) < γ for all τ ∈ T (A). (e 6.28)
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Clearly we may assume that ψ0(f) = (1 − p)φ(f)(1 − p) for all f ∈ C(X). Define
h(f) = H(f ⊗ 1) for f ∈ C(X). Then we may write that
h(f) =
k∑
j=1
f(yj)ej for all f ∈ C(X),
where yj ∈ X and {e1, e2, ..., ek} is a set of mutually orthogonal projections. In
particular,
h(fi) =
∑
yj∈Oj
f(yj)ej , i = 1, 2, ...,m. (e 6.29)
Put p′i =
∑
yj∈Oj
ej. It follows from (e 6.26), (e 6.27), (e 6.28) and (e 6.29) that
τ(p′i) >
3
4
σ · η for all τ ∈ T (A), i = 1, 2, ...,m. (e 6.30)
Note that, if d(x, x′) < η,
|f(x)− f(x′)| < ǫ/8
for all f ∈ F . It is then easy to see (by the choice of l) that we may assume that
H(f ⊗ g) =
m∑
i=1
J(i)∑
j=1
f(xi)g(zi,j)pi,j
for all f ∈ C(X) and g ∈ C(S1) as required (with J(i) ≤ l).

Remark 6.3. In Theorem 6.2, the integer l depends only on ǫ and F . In fact, it is
easy to see that l can be chosen so that πM/l < ǫ/2, whereM = max{‖f‖ : f ∈ F}.
Lemma 6.4. Let X be a compact metric space, ǫ > 0 and F ⊂ C(X) be a fi-
nite subset. Let l be a positive integer for which 256πM/l < ǫ, where M =
max{1,max{‖f‖ : f ∈ F}}. Let η = σX,F ,ǫ/32 be as 2.19. Then, for any finite
η/2-dense subset {x1, x2, ..., xm} of X for which Oi ∩Oj = ∅, where
Oi = {x ∈ X : dist(x, xi) < η/2s}
for some integer s ≥ 1 and for any σ1 > for which σ1 < 1/2s, and for any δ0 > 0
and any finite subset G0 ⊂ C(X ⊗ S1), there exist a finite subset G ⊂ C(X), δ > 0
satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero,
h : C(X)→ A is a unital monomorphism and u ∈ A is a unitary such that
‖[h(a), u]‖ < δ for all a ∈ G and µτ◦h(Oi) ≥ σ1η for all τ ∈ T (A). (e 6.31)
Then there is a δ0-G0-multiplicative contractive completely positive linear map
φ : C(X)⊗ C(S1)→ A and a rectifiable continuous path {ut : t ∈ [0, 1]} such that
u0 = u, ‖[φ(a⊗ 1), ut]‖ < ǫ for all a ∈ F , (e 6.32)
‖φ(a⊗ 1)− h(a)‖ < ǫ, ‖φ(a⊗ z)− h(a)u‖ < ǫ for all a ∈ F , (e 6.33)
where z ∈ C(S1) is the standard unitary generator of C(S1), and
µτ◦φ(O(xi × tj)) > σ1
2l
η, i = 1, 2, ...,m, j = 1, 2, ..., l (e 6.34)
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for all τ ∈ T (A), where t1, t2, ..., tl are l points on the unit circle which divide S1
into l arcs evenly and where
O(xi × tj) = {x× t ∈ X × S1 : dist(x, xi) < η/2s and dist(t, tj) < π/4sl}
for all τ ∈ T (A) (so that O(xi × tj) ∩O(xi′ × tj′) = ∅ if (i, j) 6= (i′, j′)).
Moreover,
Lenghth({ut}) ≤ π + ǫπ. (e 6.35)
Proof. Fix ǫ and F . Without loss of generality, we may assume that F is in
the unit ball of C(X). We may assume that ǫ < 1/5 and 1C(X) ∈ F . Let η > 0 such
that |f(x)− f(x′)| < ǫ/32 for all f ∈ F if dist(x, x′) < η. Let {x1, x2, ..., xm} be an
η/2-dense set. Let s > 0 such that Oi ∩Oj = ∅ if i 6= j, where
Oi = O(xi, η/2s) = {x ∈ X : dist(xi, x) < η/2s}, i = 1, 2, ....,m. (e 6.36)
Suppose also 1/2s > σ1 > 0 and µτ◦φ(Oi) > σ1η for all τ ∈ T (A). Let δ0 and
G0 be given. Without loss of generality (by using smaller δ0), we may assume
that G0 = F0 ⊗ S, where G0 ⊂ C(X) is a finite subset and S = {1C(S1), z}. Put
ǫ1 = min{ǫ, δ0} and F1 = F0 ∪ F . We may assume that F1 is a subset of the unit
ball.
Let δ1 > 0 and G1 ⊂ C(X) be a finite subset (and 8π/l < ǫ/32) as required by
6.2 corresponding to ǫ1/32, F1, s and σ1 above (instead of ǫ, F , s and σ). We may
assume that δ1 < ǫ/32 and 1C(X) ∈ G1. We may further assume that
δ1/2 ≤ δ0 and F0 ⊂ G1. (e 6.37)
Let B = C(X). Let G2 a finite subset (in place of F1) and δ2 > 0 ( in place of
δ) be required by Lemma 2.8 associated with δ1/2 and G1 (in place of ǫ and F0).
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero,
suppose that h : C(X) → A is a unital monomorphism, suppose that u ∈ A is a
unitary such that
‖[h(a), u]‖ < δ2 for all a ∈ G2 and µτ◦h(Oi) > σ1η (e 6.38)
for all τ ∈ T (A), i = 1, 2, ...,m.
We may assume that δ2 < δ1 and G1 ⊂ G2. It follows from 2.8 that there
exists a δ1-G1-multiplicative contractive completely positive linear map ψ : C(X)⊗
C(S1)→ A such that
‖ψ(a)− h(a)‖ < δ1/2 and ‖ψ(a⊗ z)− h(a)u‖ < δ1/2 (e 6.39)
for all a ∈ G1.
By applying 6.2, we obtain a projection p ∈ A and mutually orthogonal projec-
tions {pi,j : j = 1, 2, ..., J(i), i = 1, 2, ...,m} with
∑
i,j pi,j = p such that J(i) ≤ l,
‖ψ(f ⊗ g)− [(1− p)ψ(f ⊗ g)(1− p) +
m∑
i=1
J(i)∑
j=1
f(xi)g(zi,j)pi,j ]‖ < ǫ1/32 (e 6.40)
for all f ∈ F1 and for g ∈ S and
τ(pi) > 3σ1 · η/4 for all τ ∈ T (A), (e 6.41)
where pi =
∑J(i)
j=1 pi,j , i = 1, 2, ...,m.
6. THE BASIC HOMOTOPY LEMMA — FULL SPECTRUM 43
Since ǫ < 1/5, by (e 6.40), (see for example Lemma 2.5.8 of [28]) there are
unitaries w1 ∈ (1− p)A(1 − p), such that
‖ψ(1⊗ z)− w1 ⊕
m∑
i=1
J(i)∑
j=1
zi,jpi,j‖ < ǫ/32 + ǫ/4 (e 6.42)
for all f ∈ F1. Fix i. For each j, since piApi is a unital simple C∗-algebra with
real rank zero and stable rank one and K0(A) is weakly unperforated, it follows
from 5.8 that there is a finite dimensional commutative unital C∗-subalgebra Bi ⊂
piApi which contains projections pi,j , j = 1, 2, ..., J(i), and mutually orthogonal
projections qi,j ∈ Bi, j = 1, 2, ..., l, such that
∑l
j=1 qi,j = pi and
τ(qi,j) >
τ(pi)
l
− σ1η
16 · l2 for all τ ∈ T (A), (e 6.43)
i = 1, 2, ...,m. Define B = ⊕mi=1Bi and define a unital homomorphism
Ψ0 : C(X × S1)→ B such that
Ψ0(f ⊗ g) =
m∑
i=1
f(xi)
l∑
j=1
g(tj)qi,j for all f ∈ C(X) and g ∈ C(S1). (e 6.44)
There is a continuous path of unitaries {vt : t ∈ [0, 1]} in B such that
v0 = w1 ⊕
m∑
i=1
l∑
j=1
ti,jqi,j , v1 = Ψ0(1⊗ z) and Length({vt}) ≤ π. (e 6.45)
Define Ut = w1 ⊕ vt for t ∈ [0, 1] and define
φ(f ⊗ g(z)) = (1− p)ψ(f ⊗ z)(1− p) +
m∑
i=1
l∑
j=1
f(xi)g(tj)qi,j (e 6.46)
for all f ∈ C(X) and g ∈ C(S1). By (e 6.40), we know that φ is δ0-G1-multiplicative.
We compute that
U0 = w1 ⊕ v0, U1 = w1 ⊕ v1, (e 6.47)
‖U0 − u‖ ≤ ‖U0 − ψ(1 ⊗ z)‖+ ‖ψ(1⊗ z)− u‖ (e 6.48)
< ǫ/32 + ǫ/4 + δ1 < ǫ/16 + ǫ/4 (e 6.49)
(by (e 6.39) and e 6.42). Also, by (e 6.39) and (e 6.40),
‖φ(a⊗ 1)− h(a)‖ < ǫ/2 and ‖φ(a⊗ z)− h(a)U1‖ < ǫ/2 (e 6.50)
for all a ∈ F , and by (e 6.42),
‖[Ut, φ(f ⊗ 1)]‖ < ǫ/32 + ǫ/4 + ǫ/32 for all t ∈ [0, 1]. (e 6.51)
Moreover, by (e 6.53),
Length({Ut}) ≤ π. (e 6.52)
Furthermore, by (e 6.43) and (e 6.41) we have
τ(qi,s) > 3σ1 · η/4l − σ1 · η/16l ≥ σ1 · η/2l (e 6.53)
for all τ ∈ T (A) and
µτ◦φ(O(xi × tj)) ≥ σ1
2l
η, (e 6.54)
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i = 1, 2, ...,m and j = 1, 2, ..., l. By (e 6.48), we may write
u(U0)
∗ = exp(ib) for some b ∈ As.a with ‖b‖ ≤ ǫπ (e 6.55)
We define a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} ⊂ A by
ut = exp(i(1− 2t)b)U0 for t ∈ [0, 1/2] and ut = U2t−1. (e 6.56)
So u0 = u and u1 = U1. Moreover, by (e 6.51), (e 6.48) and (e 6.55),
‖[φ(f ⊗ 1), ut]‖ < ǫ for all t ∈ [0, 1] (e 6.57)
By (e 6.55),
Length({ut : t ∈ [0, 1/2]}) ≤ ǫπ. (e 6.58)
Finally, by (e 6.52) and (e 6.58), we obtain that
Length({ut}) ≤ π + ǫπ. (e 6.59)

7. The Basic Homotopy Lemma — finite CW compleces
Definition 7.1. Let X be a compact metric space, let ∆ : (0, 1) → (0, 1) be an
increasing map and let µ be a Borel probability measure. We say µ is∆- distributed,
if for any η ∈ (0, 1),
µ(O(x, η)) ≥ ∆(η)η
for all x ∈ X.
Recall that a Borel measure on X is said to be strictly positive if for any non-
empty open subset O ⊂ X, µ(O) > 0. If µ is a strictly positive Borel probability
measure, then there is always a ∆ : (0, 1)→ (0, 1) such that µ is ∆-distributed. To
see this, fix η ∈ (0, 1). Note that there are x1, x2, ..., xm ∈ X such that
∪mi=1O(xi, η/2) ⊃ X.
Let
∆(η) =
min{µ(O(x, η/2)) : i = 1, 2, ...,m}
η
Then, for any x ∈ X, there is i such that x ∈ O(xi, η/2). Thus
O(x, η) ⊃ O(xi, η/2).
Therefore
µ(O(x, η)) ≥ ∆(η) · η for all x ∈ X.
Thus µ is ∆-distributed.
Proposition 7.2. Let A be a unital simple C∗-algebra with tracial state space
T (A). Let φ : C(X) → A be a monomorphism. Then there is an increasing map
∆ : (0, 1)→ (0, 1) such that µτ◦φ is ∆-distributed for all τ ∈ T (A).
Proof. Fix η ∈ (0, 1). For each x ∈ X, define fx,η ∈ C(X)+ with 0 ≤ fx,η ≤ 1
such that fx,η(x) = 1 if x ∈ O(x, η/4) and fx,η(x) = 0 if x 6∈ O(x, η/2). Since A is
simple, there is d(x) > 0 such that
τ(φ(fx,η)) ≥ d(x)/η for all τ ∈ T (A).
Thus
µτ◦φ(O(x, η/2)) ≥ d(x) · η
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for all x ∈ X. Then, as shown above, one sees that µτ◦φ is ∆-distributed for
∆(η) = min{d(xi) : i = 1, 2, ...,m}
for η ∈ (0, 1) and for all τ ∈ T (A). 
Definition 7.3. Let ǫ > 0 and let F ⊂ C(X) be a finite subset. Let 1 > ∆ > 0
be a positive number. We say that a Borel probability measure is (ǫ, F , D, ∆)-
distributed, if there exists an η/2-dense finite subset D = {x1, x2, ..., xm} ⊂ X,
where 0 < η < min{ ǫ2+max{‖f‖:f∈F}}, σX,ǫ/32,F , and an integer s ≥ 1 satisfies the
following:
(1) Oi ∩Oj = ∅, if i 6= j,
(2) µ(Oi) ≥ η ·∆, i = 1, 2, ...,m, where
Oi = {x ∈ X : dist(x, xi) < η/2s}, i = 1, 2, ...,m.
Here we assume that
η/s ≤ min{dist(xi, xj), i 6= j}.
If there is an increasing map ∆ : (0, 1) → (0, 1) such that µ is ∆-distributed,
then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exists η > 0, a finite
subset D which is η/2 -dense, an integer s ≥ 1 such that µ is (ǫ, F , D, ∆(η/2s))-
distributed.
Theorem 7.4. Let X be a finite CW-complex with a fixed metric. For any ǫ > 0,
any finite subset F ⊂ C(X), ∆ > 0, η > 0 and s ≥ 1, there exists δ > 0 and a finite
subset G ⊂ C(X) satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero,
h : C(X)→ A is a unital monomorphism and u ∈ A is a unitary such that µτ◦h is
(ǫ, F ,D, ∆)-distributed for some finite (η/2-dense) subset D and for all τ ∈ T (A),
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u) = 0. (e 7.1)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 7.2)
Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 7.3)
Proof. We first show that we may reduce the general case to the case that X
is a connected finite CW complex. We may assume that X = ∪ki=1Xi which is a
disjoint union of connected finite CW complex Xi. Let ei be the function in C(X)
which is 1 in Xi and zero elsewhere. Suppose that we have shown the theorem
holds for any connected finite CW complex.
Let δi be required for Xi, i = 1, 2, ..., k. Put δ = min{δi/2 : i = 1, 2, ..., k}. Put
Pi = h(ei). Then with a sufficiently large G, we may assume that ‖[Pi, u]‖ < δ.
There is, for each i, a unitary ui ∈ PiAPi such that
‖PiuPi − ui‖ < 2δ and ‖u−
n∑
i=1
ui‖ < 2δ.
Note that the condition Bott(h, u) = 0 implies that
Bott(hi, ui) = 0, i = 1, 2, ..., k,
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provided that δ is small enough. These lines of argument lead to the reduction of
the general case to the case that X is a connected finite CW complex.
For the rest of the proof, we will assume that X is a connected finite CW
complex.
Let ǫ > 0 and F ⊂ C(X) be a finite subset. We may assume that 1 ∈ F . Let
F ′ = {f ⊗ a : f ∈ F and a = z, or a = 1} ⊂ C(X × S1).
Let η be positive so that
η < min{ ǫ
1 + max{‖f‖ : f ∈ F} , σX,ǫ/32,F}.
It follows that if g ∈ F ′, then
|g(z)− g(z′)| < ǫ/32 for all g ∈ F ′
if dist(z, z′) < η (z, z′ ∈ X × S1). Let s ≥ 1 be given and ∆ > 0.
To simplify notation, without loss of generality, we may assume that F is in the
unit ball of C(X). Choose l to be an integer such that 256π/l < min{η/4s, ǫ/16}.
Let
σ = ∆/8l.
Let γ > 0, δ1 > 0, G1 ⊂ C(X×S1) be a finite subset and P ⊂ K(C(X×S1)) be
a finite subset which are required by Theorem 4.6 of [32] associated with ǫ/16, F ′
and σ above. Without loss of generality, we may assume (by choosing smaller δ1)
that G1 = F1⊗S, where F1 ⊂ C(X) is a finite subset of C(X) and S = {z, 1C(S1)}.
We may also assume that F1 ⊃ F and δ1 < ǫ/32.
Let PC(X) ⊂ K(C(X)) be associated with Bott map as defined in 2.10. We
may assume that β(PC(X)) ⊂ P .
Let δ > 0 and G ⊂ C(X) be a finite subset required by Lemma (6.4) associated
with δ1 (in place of ǫ), F1 (in place of F), η, σ1 = ∆ and with δ0 = δ1 and G0 = G1.
Let h be a homomorphism and u ∈ A be a unitary in the theorem associated
with the above δ, G. Since τ ◦h is (ǫ, F , D, ∆)-distributed, there exists an η/2-dense
subset D = {x1, x2, ..., xm} of X such that Oi ∩Oj = ∅, if i 6= j, where
Oi = {x ∈ X : dist(x, xi) < η/2s}, i = 1, 2, ...,m
and such that
µτ◦h(Oi) ≥ η∆, i = 1, 2, ...,m (e 7.4)
for all τ ∈ T (A).
By Lemma 6.4, there is a δ1-G1-multiplicative contractive completely positive
linear map φ : C(X × S1) → A and a rectifiable continuous path of unitaries
{wt : t ∈ [0, 1]} of A such that
w0 = u, ‖[φ(a), wt]‖ < δ1 for all a ∈ G1, (e 7.5)
Length({wt}) ≤ π + ǫ/4π, (e 7.6)
‖h(a)− φ(a⊗ 1)‖ < δ1, ‖φ(a⊗ z)− h(a)w1‖ < δ1 for all a ∈ F1 and (e 7.7)
µτ◦φ(O(xi × tj)) > ∆η
2l
for all τ ∈ T (A), (e 7.8)
where
O(xi × tj) = {(x× t) ∈ X × S1 : dist(x, xi) < η/2s and dist(t, tj) < π/4l},
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i = 1, 2, ...,m, j = 1, 2, ..., l and {t1, t2, ..., tl} divides the unit circle into l arcs with
the same length. We note that, by (e 7.7),
‖w1 − φ(1 ⊗ z)‖ < δ1. (e 7.9)
Put Oi,j = O(xi × tj), i = 1, 2, ...,m and j = 1, 2, ..., l. Then Oi,j ∩Oi′,j′ = ∅ if
(i, j) 6= (i′, j′).We also know that {xi×tj : i = 1, 2, ...,m, j = 1, 2, ..., l} is η/2-dense
in X × S1. Moreover,
µτ◦φ(Oi,j) > 4ση, i = 1, 2, ...,m and j = 1, 2, ..., l (e 7.10)
Let e1, e2 ∈ A be two non-zero mutually orthogonal projections such that
τ(ei) < min{γ/4, σ
4
η} for all τ ∈ T (A), i = 1, 2. (e 7.11)
By 4.2, there is a unital homomorphism h′1 : C(X)→ e1Ae1 such that
[h′1|C0(YX )] = [h|C0(YX )] in KK(C(X), A). (e 7.12)
By 2.25, there is a unital monomorphism ψ′1 : C(X × S1)→ e2Ae2 such that
[ψ′1|C0(YX)] = {0} in KK(C(X), A), (e 7.13)
since it factors through C([0, 1]).
Define ψ1 : C(X × S1) → (e1 + e2)A(e1 + e2) by ψ1(a ⊗ g) = h′1(a)g(1)e1 ⊕
ψ′1(a⊗ g) for all a ∈ C(X) and g ∈ C(S1).
By 4.4, there is a unital homomorphism ψ2 : C(X × S1) → (1 − e)A(1 − e)
with finite dimensional range such that
|τ ◦ φ(a) − τ ◦ ψ2(a)| < γ/2 and µτ◦ψ2(Oi,j) > 3ση for all τ ∈ T (A) (e 7.14)
and for all a ∈ G1.
Define ψ : C(X×S1)→ A by ψ(a) = ψ1(a)⊕ψ2(a) for all a ∈ C(X). It follows
that (see 2.10)
[ψ]|P = [φ]|P . (e 7.15)
By (e 7.14) and (e 7.11),
|τ ◦ ψ(a)− τ ◦ φ(a)| < γ for all τ ∈ T (A) (e 7.16)
and for all a ∈ G1, and
µτ◦ψ(Oi,j) > ση for all τ ∈ T (A), (e 7.17)
i = 1, 2, ...,m and j = 1, 2, ..., l.
By Theorem 4.6 of [32] and the choices of δ1 and G1, we obtain a unitary Z ∈ A
such that
adZ ◦ ψ ≈ǫ/16 φ on F ′. (e 7.18)
Note that adZ◦ψ is a unital monomorphism. PutH1 = adZ◦ψ and h2 : C(X)→ A
by h2(f) = H1(f ⊗ 1) for all f ∈ C(X). So h2 is a monomorphism. By (e 7.15) and
β(PC(X)) ⊂ P , we conclude that
Bott(h2(f), H1(1⊗ z)) = 0. (e 7.19)
We now apply 6.1 to the monomorphism h2 (for f ∈ C(X)) and the unitary
u′ = H1(1⊗ z). We obtain a continuous path of unitaries {vt : t ∈ [0, 1]} ⊂ A such
that
v0 = H1(1⊗ z), v1 = 1A, ‖[ψ(f ⊗ 1), vt]‖ < ǫ/16 (e 7.20)
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for all t ∈ [0, 1] and for all f ∈ F . Moreover,
Length({vt}) ≤ π + ǫπ/8. (e 7.21)
By (e 7.18) and (e 7.7),
‖[h(a), vt]‖ < ǫ/8 for all a ∈ F and for all t ∈ [0, 1]. (e 7.22)
Then by (e 7.9)
‖v1 − w1‖ < ǫ/8. (e 7.23)
By connecting the path {wt} and {vt} appropriately, we see that the theorem
follows.

Remark 7.5. When X, ǫ and F are given, η is also determined. Given η, one can
find an integer s ≥ 1 that works for at least one η/2-dense subset {x1, x2, ..., xm}.
The statement of the Theorem 7.4 says that δ does not depend on D as long as D
is η/2-dense and η/s < min{dist(xi, xj) : i 6= j}.
Such D is called η/2-dense and s-separated. If we fix one such s(η) which
depends on the choice of η, and since η is determined by X, ǫ and F , we may
rewrite Theorem 7.4 as follows:
Theorem 7.6. Let X be a finite CW-complex with a fixed metric. For any ǫ > 0,
any finite subset F ⊂ C(X), ∆ > 0, there exists δ > 0 and a finite subset G ⊂ C(X)
satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero,
h : C(X) → A is a unital monomorphism and u ∈ A is a unitary such that µτ◦h
is (ǫ, F ,D, ∆)-distributed for some finite subset D (which is η/2-dense and s(η)-
separated) and for all τ ∈ T (A),
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u) = 0. (e 7.24)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 7.25)
Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 7.26)
Corollary 7.7. Let X be a connected finite CW-complex with a fixed metric and
let ∆ : (0, 1) → (0, 1) be an increasing map. For any ǫ > 0, any finite subset
F ⊂ C(X), a unital separable simple C∗-algebra A with tracial rank zero and
a unital monomorphism h : C(X) → A for which µτ◦h is ∆-distributed for all
τ ∈ T (A), there exists δ > 0 and a finite subset G ⊂ C(X) satisfying the following:
If u ∈ A is a unitary such that
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u) = 0. (e 7.27)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F , t ∈ [0, 1]. (e 7.28)
Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 7.29)
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Of course we can omit the mention of ∆, if we allows δ depends on h.
Corollary 7.8. Let X be a finite CW-complex with a fixed metric. For any ǫ > 0,
any finite subset F ⊂ C(X), a unital separable simple C∗-algebra A with tracial
rank zero and a unital monomorphism h : C(X) → A, there exists δ > 0 and a
finite subset G ⊂ C(X) satisfying the following: If u ∈ A is a unitary such that
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u) = 0.
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1].
Moreover,
Length({ut}) ≤ 2π + ǫ.
8. The Basic Homotopy Lemma — compact metric spaces
Theorem 8.1. Let X be a compact metric space which is a compact subset of a
finite CW complex. For any ǫ > 0, any finite subset F ⊂ C(X) and any map
∆ : (0, 1)→ (0, 1), there exists δ > 0, a finite subset G ⊂ C(X) and a finite subset
P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero,
h : C(X)→ A is a unital monomorphism and u ∈ A is a unitary such that µτ◦h is
∆-distributed for all τ ∈ T (A),
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 8.1)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 8.2)
Moreover,
Length({ut}) ≤ 2π + ǫπ (e 8.3)
Proof. Without of loss of generality, we may assume that there is a finite CW
complex Y ′ such that X ⊂ Y ′ is a compact subset (with a fixed metric).
Let ǫ > 0 and F ⊂ C(X) be a finite subset. We may assume that 1 ∈ F . Let
S = {1C(S1), z}. To simplify notation, without loss of generality, we may assume
that F is a subset of the unit ball of C(X).
Let
F ′ = {f ⊗ a : f ∈ F and a ∈ S} ⊂ C(X × S1).
Let η1 > 0 so that
η1 < min{ ǫ
64(1 + max{‖f‖ : f ∈ F}) , σX,ǫ/64,F}.
It follows that if g ∈ F ′, then
|g(z)− g(z′)| < ǫ/64 for all g ∈ F ′
if dist(z, z′) < η (z, z′ ∈ X × S1).
By the Tietz Extension Theorem, one has gf ∈ C(Y ′) such that (gf )|X = f and
‖gf‖ = ‖f‖ for all f ∈ F . Put G′00 = {gf ∈ C(Y ′) : f ∈ F}. Let η0 = σY ′,ǫ/64,G′00 .
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It is easy to construct a finite CW complex Y ⊂ Y ′ such that X ⊂ Y and X is
min{η0/2, η1/4}-dense in Y. Put
G0 = {g ∈ C(Y ) : g|Y = gf for some f ∈ F}.
We estimate that
σY,ǫ/32,G0 ≥ σX,ǫ/64,F . (e 8.4)
Let η = η1/2. Put
G′0 = {g ⊗ f ∈ C(Y × S1) : f ∈ G0 and g ∈ S}.
It follows that if g ∈ G′0, then
|g(z)− g(z′)| < ǫ/32 for all g ∈ G′0
if dist(z, z′) < η (z, z′ ∈ Y × S1).
Suppose that X contains an η/2-dense subset which is s(η)-separated. Let
∆ : (0, 1)→ (0, 1) be an increasing map and ∆ = ∆(η/2s).
Choose an integer l such that 256π/l < min{η/4s, ǫ/4}. Let
σ = ∆/8l.
Let γ > 0, δ1 > 0, G1 ⊂ C(Y × S1) be a finite subset and P1 ⊂ K(C(Y × S1))
be a finite subset which are required by Theorem 4.6 of [32] associated with ǫ/4,
G′0 and σ above. Without loss of generality, we may assume (by choosing smaller
δ1) that G1 = F1 ⊗ S, where F1 ⊂ C(Y ) is a finite subset of C(Y ). We may also
assume that F1 ⊃ F and δ1 < ǫ/4.
Let δ > 0 and G ⊂ C(X) be a finite subset required by Lemma (6.4) associated
with δ1 (in place of ǫ), F1 (in place of F), η, σ1 = ∆ and with δ1 (in place of δ0)
and G1 (in place of G0).
Let P = [θ](P1), where θ : C(Y ) → C(X) is the quotient map. Let h be a
homomorphism and u ∈ A be a unitary in the theorem associated with the above
δ, G and P . Moreover, we assume that τ ◦ h is (ǫ, F , D, ∆)-distributed, so there
exists an η/2-dense subset D = {x1, x2, ..., xm} of X such that Oi∩Oj = ∅, if i 6= j,
where
Oi = {x ∈ X : dist(x, xi) < η/2s}, i = 1, 2, ...,m
for s = s(η) > 0 given above and such that
µτ◦h(Oi) ≥ η∆, i = 1, 2, ...,m (e 8.5)
for all τ ∈ T (A). Note here we assume that η/s < min{dist(xi, xj) : i 6= j}.
Note also that {x1, x2, ..., xm} is η1/2-dense in Y.
By Lemma 6.4, there is a G1-δ1-multiplicative contractive completely positive
linear map φ : C(X × S1) → A and a rectifiable continuous path of unitaries
{wt : t ∈ [0, 1]} of A such that
w0 = u, ‖[φ(a), wt]‖ < δ1 for all a ∈ G1, (e 8.6)
Length({wt}) ≤ π + ǫ · π/4, (e 8.7)
‖h(a)− φ(a⊗ 1)‖ < δ1, ‖φ(a⊗ z)− h(a)w1‖ < δ1 for all a ∈ F1 and (e 8.8)
µτ◦φ(O(xi × tj)) > ∆η
2l
for all τ ∈ T (A), (e 8.9)
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where
O(xi × tj) = {(x× t) ∈ X × S1 : dist(x, xi) < η/2s and dist(t, tj) < π/4sl},
i = 1, 2, ...,m, j = 1, 2, ..., l and {t1, t2, ..., tl} divides the unit circle into l arcs with
the same length.
Put
O˜i,j = {(y × t) ∈ Y × S1 : dist(y, xi) < η/2s and dist(t, tj) < π/4sl},
i = 1, 2, ...,m and j = 1, 2, ..., l. Then O˜i,j ∩ O˜i′,j′ = ∅ if (i, j) 6= (i′, j′). We also
know that {xi × tj : i = 1, 2, ...,m, j = 1, 2, ..., l} is η/2-dense in X × S1. Define
Φ : C(Y × S1)→ A by Φ(f) = φ(θ(f)) for all f ∈ C(Y × S1). Moreover,
µτ◦Φ(O˜i,j) > 4ση, i = 1, 2, ...,m and j = 1, 2, ..., l. (e 8.10)
Write Y = ⊔Rk=1Yk, where each Yk is a connected finite CW complex. Fix a
point ξk ∈ Yk for each k. Let Ek be the characteristic function for Yk, k = 1, 2, ..., R.
For the convenience, one may assume that [Ek] ∈ P1. Denote by E′k = Ek× 1C(S1),
k = 1, 2, ..., R.
Put ek = h(θ(Ek)), k = 1, 2, ..., R. Choose nonzero projection dk ≤ ek in A,
k = 1, 2, ..., R such that
τ(dk) < min{ γ
4R
,
σ · η
4R
} for all τ ∈ T (A), (e 8.11)
k = 1, 2, ..., R. We may assume that ek − dk 6= 0, k = 1, 2, ..., R.
By 4.4, there is a unital homomorphism ψ2,k : C(Yi×S1)→ (ek−dk)A(ek−dk)
with finite dimensional range such that
|τ ◦ (φ(E′kaE′k))− τ ◦ ψ2,k(a)| < min{γ/2R,
σ · η
2R
} for all τ ∈ T (A) (e 8.12)
and for all a ∈ G1, k = 1, 2, ..., R. Set e =
∑R
i=1 di. Then, by (e 8.11),
τ(e) < min{γ
4
,
σ · η
4
} for all τ ∈ T (A). (e 8.13)
Define ψ2 : C(Y × S1) → (1 − e)A(1 − e) by ψ2(f) =
∑R
k=1 ψ2,k(E
′
kf) for
f ∈ C(Y × S1). Then we have
|τ ◦ (φ ◦ θ(a))− τ ◦ ψ2(a)| < min{γ/2, σ · η
2
} and µτ◦ψ2(O˜i,j) > 3ση (e 8.14)
for all τ ∈ T (A) and for all a ∈ G1.
By 4.2, there is a unital monomorphism h1,k : C(Y )→ dkAdk such that
[h1,k|C0(Yk\{ξk})] = [(h ◦ θ)|C0(Yk\{ξk})] in KL(C(Yk), A), (e 8.15)
k = 1, 2, ...., R. Define h1(f) = ⊕Rk=1h1,k(Ekf) for f ∈ C(Y ).
Define ψ1 : C(Y × S1)→ eAe by ψ1(a⊗ g) = h1(a)g(1)e for all a ∈ C(Y ) and
g ∈ C(S1).
Define ψ : C(Y × S1)→ A by ψ(a) = ψ1(a)⊕ ψ2(a) for all a ∈ C(Y ). We have
h1(Ek) = ek = h ◦ θ(Ek), k = 1, 2, ..., R. It follows from this, (e 8.15) and 4.1 that
[ψ]|P1 = [φ ◦ θ]|P1 (e 8.16)
By (e 8.14) and (e 8.13),
|τ ◦ ψ(a)− τ ◦ φ ◦ θ(a)| < γ for all τ ∈ T (A) (e 8.17)
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and for all a ∈ G1, and
µτ◦ψ(O˜i,j) > ση for all τ ∈ T (A), (e 8.18)
i = 1, 2, ...,m and j = 1, 2, ..., l.
By Theorem 4.6 of [32] and the choices of δ1 and G1, we obtain a unitary Z ∈ A
such that
adZ ◦ ψ ≈ǫ/4 φ ◦ θ on G′0. (e 8.19)
Since ψ2 has finite dimensional range, from the definition of ψ1 and ψ, we
obtain a rectifiable continuous path of unitaries {Ut : t ∈ [0, 1]} of A with
Length({Ut}) ≤ π + ǫπ/2 (e 8.20)
such that
U0 = ψ(1⊗ z), U1 = 1A and ‖[ψ(a⊗ 1), Ut]‖ = 0 (e 8.21)
for all a ∈ F and for all t ∈ [0, 1].
Put Wt = Z
∗UtZ for t ∈ [0, 1]. Then W1 = 1A. We also have that (by (e 8.8)
and (e 7.18))
‖W0 − u‖ < δ1 + ‖W0 − φ(1 ⊗ z)‖ < ǫ/4 + ǫ/4 = ǫ/2. (e 8.22)
Moreover,
‖[Wt, φ(a⊗ 1)‖ < ǫ/2 for all a ∈ F . (e 8.23)
By (e 8.8), (e 8.19) and using the fact (e 8.22) and (e 8.20), and using the path {wt}
and the path {Wt : t ∈ [0, 1]}, we obtain a rectifiable continuous path of unitaries
{ut : t ∈ [0, 1]} of A such that
u0 = u, u1 = 1A, ‖[h(a), ut]‖ < ǫ (e 8.24)
for all a ∈ F and for all t ∈ [0, 1] and
Length({ut}) ≤ 2π + ǫπ. (e 8.25)

Remark 8.2. One can absorb the proof of Theorem 7.4 into that of Theorem 8.1.
However, it does not seem necessarily helpful to mix the issue of dependence of δ
on a local measure distribution (X,F ,D, ∆) together with other constants such as
η and s with the issue of reduction of a compact subset X of a finite CW complex
to the special situation that X is a finite CW complex.
Theorem 8.3. Let X be a compact metric space. For any ǫ > 0, any finite subset
F ⊂ C(X) and any map ∆ : (0, 1) → (0, 1), there exists δ > 0, a finite subset
G ⊂ C(X) and a finite subset P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero,
h : C(X)→ A is a unital monomorphism and u ∈ A is a unitary such that µτ◦h is
∆-distributed for all τ ∈ T (A),
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 8.26)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 8.27)
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Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 8.28)
Proof. It is well known (see, for example, [40]) that there exists a sequence of
finite CW complex Yn such that C(X) = limn→∞(C(Yn), λn). By replacing Yn by
one of its compact subset Xn, we may write C(X) = limn→∞(C(Xn), λn), where
each λn is a monomorphism form C(Xn) into C(X). Thus there is a surjective
homeomorphism αn : X → Xn such that λn(f) = f ◦ αn for all f ∈ C(Xn).
Now fix an ǫ > 0 and a finite subset F ⊂ C(X). Let η1 = σX,ǫ/64,F .
There is an integer N ≥ 1 and a finite subset F1 ⊂ C(XN ) such that, for each
f ∈ F , there exists gf ∈ C(XN ) such that
‖f − λN (gf )‖ < ǫ/4. (e 8.29)
Suppose that ∆ : (0, 1) → (0, 1) is an increasing map. For each η > 0 and
y ∈ XN , there is x(y) ∈ X and r(y, η) > 0 such that
αN (O(x(y), r(y))) ⊂ O(y, η). (e 8.30)
Since
∪x∈XNO(x, η/2) ⊃ XN ,
there are y1, y2, ..., ym ∈ XN such that
∪mk=1O(yi, η/2) ⊃ XN .
Now for any y ∈ XN , y ∈ O(yk, η/2) for some k ∈ {1, 2, ...,m}. Then
O(y, η) ⊃ O(yk, η/2).
Put
η¯ = min{r(yk, η) : k = 1, 2, ...,m} > 0
Define ∆1 : (0, 1)→ (0, 1) by
∆1(η) = ∆(η¯) for all η ∈ (0, 1).
Let δ > 0, G1 ⊂ C(XN ) be a finite subset and P1 ⊂ K(C(XN )) be a finite
subset required by 8.1 associated with ǫ/4 (in place of ǫ), λN (F1) (in place of F)
and ∆1 : (0, 1)→ (0, 1).
Put P = [(λN )](P1) in K(C(X)).
Suppose that h : C(X)→ A is a unital monomorphism and u ∈ A is a unitary
satisfying the conditions in the theorem associated with the above δ, G, P .
Define h1 : C(Y )→ A by h1 ◦ λN = h. Then
‖[h1(g), u]‖ < δ for all g ∈ G1,
Bott(h1, u)|P1 = 0.
Moreover one checks that µτ◦h1 is ∆1-distributed. By the choices of δ, G1 and P1,
by applying 8.1, one obtains a continuous path of unitaries {ut : t ∈ [0, 1]} ⊂ A
with
length({ut}) ≤ 2π + ǫπ
such that
u0 = u, u1 = 1 and ‖[h1(f), ut]‖ < ǫ/4 (e 8.31)
for all f ∈ F1. It follows from (e 8.31) and (e 8.29) that
‖[h(f), ut]‖ < ǫ for all f ∈ F .
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
Corollary 8.4. Let X be a compact metric. For any ǫ > 0, any finite subset
F ⊂ C(X), a unital separable simple C∗-algebra A with tracial rank zero and a
unital monomorphism h : C(X)→ A, there exists δ > 0, a finite subset G ⊂ C(X)
and a finite subset P ⊂ K(C(X)) satisfying the following: If u ∈ A is a unitary
such that
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 8.32)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
‖[h(a), ut]‖ < ǫ for all a ∈ F , u0 = u and u1 = 1A. (e 8.33)
Moreover,
Length({ut}) ≤ 2π + ǫ. (e 8.34)
Corollary 8.5. Let X be a compact metric space. For any ǫ > 0, any finite subset
F ⊂ C(X), a unital simple separable simple C∗-algebra A with tracial rank zero
and a unital monomorphism h : C(X)→ A.
If there is a unitary u ∈ A such that
h(a)u = uh(a) for all a ∈ C(X) and Bott(h, u) = 0. (e 8.35)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
‖[h(a), ut]‖ < ǫ for all a ∈ F , u0 = u and u1 = 1A. (e 8.36)
Moreover,
Length({ut}) ≤ 2π + ǫ. (e 8.37)
9. The constant δ and an obstruction behind the measure distribution
The reader undoubtedly notices that the constant δ in Theorem 3.7 and in
3.12 is universal. But the constant δ in Theorem 7.6 and in Theorem 8.3 is not
quite universal, it depends on the measure distribution µτ◦h. The introduction of
the concept of measure distribution is not just for the convenience of the proof. In
fact it is essential. In this section we will demonstrate that when dim(X) ≥ 2, the
constant can not be universal for any such space X whenever A is a separable non-
elementary simple C∗-algebra with real rank zero and stable rank one. There is a
topological obstruction for the choice of δ hidden behind the measure distribution.
Lemma 9.1. Let A be a unital separable simple C∗-algebra with stable rank one.
Suppose that {dn} and {en} are two sequences of non-zero projections such that
there are k(n) mutually orthogonal and mutually equivalent projections q(n, 1), q(n, 2),
..., q(n, k(n)) in enAen each of which is equivalent to dn, n = 1, 2, ....
Let d = {dn} ∈ l∞(A) and let Id be the (closed two-sided) ideal of l∞(A)
generated by d. Then e = {en} 6∈ Id if limk→∞k(n) = ∞. Moreover, π(e) 6∈ π(Id),
where π : l∞(A)→ q∞(A) is the quotient map.
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Proof. Let τ be a quasitrace of A. Define tn(a) = τ(a)/τ(dn) for all a ∈ As.a.
Suppose that π(e) ∈ π(Id). There there are x1, x2, ..., xm ∈ l∞(A) such that
a =
m∑
i=1
x∗i dxi − e ∈ c0(A). (e 9.1)
Suppose that a = {an}, xi = {x(i, n)} and L = max{‖xi‖ : i = 1, 2, ...,m}. Then
lim
n→∞
‖an‖ = 0. (e 9.2)
Thus, for all sufficiently large n,
Lm+ 1 ≥ tn(en) ≥ k(n). (e 9.3)
This is impossible.

Lemma 9.2. Let X be a connected finite CW complex with dimension at least 2
and let Y ⊂ X be a compact subset which is homeomorphic to a k-cell with k ≥ 2.
Let A be a unital C∗-algebra and let h1 : C(Y ) → A be a unital homomorphism.
Define h = h1 ◦ π, where π : C(X) → C(Y ) is the quotient map. Then, for any
sufficiently small δ, any sufficiently large finite subset G ⊂ C(X) and any unitary
u ∈ A with [u] = {0},
Bott(h, u) = {0}, (e 9.4)
provided that ‖[h(a), u]‖ < δ for all a ∈ G.
Proof. Let {pi ∈ Mn(i)(C(X)) : i = 1, 2, ..., k} be k projections which gen-
erate K0(C(X)). Assume that pi has rank r(i) ≤ n(i), i = 1, 2, ..., k. Since Y is
contractive, there is a unitary wi ∈Mn(i)(C(Y )) such that
w∗i π(pi)wi = 1r(i), i = 1, 2, ..., k, (e 9.5)
where 1r(i) is a diagonal matrix in Mn(i) with r(i) 1’s and n(i)− r(i) zeros. There
is ai ∈Mn(i)(C(X)) such that π(ai) = wi, i = 1, 2, ..., k.
Put
un(i) = diag(
n(i)︷ ︸︸ ︷
u, u, ..., u).
Then, for sufficiently small δ and sufficiently large G,
h1(w
∗
i )(h(pi)u
n(i))h1(wi) = h(aipi)u
n(i)h(ai) (e 9.6)
≈1/16 1r(i)un(i). (e 9.7)
It implies that
[h(pi)u
n(i)] = {0} (in K1(A) ). (e 9.8)
This implies that
bott0(h, u) = 0.
The fact that
bott1(h, u) = 0
follows from the fact that K1(C(Y )) = {0}.
Since Ki(C(Y × S1)) is torsion free (i = 0, 1), we conclude that
Bott(h, u) = 0.

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A continuous path with length L may have infinite Lipschitz constant. Note in
the following lemma, {vt : t ∈ [0, 1]} not only satisfies the Lipschitz condition but
also its length does not increase.
Lemma 9.3. Let L > 0 be a positive number, let C be a unital C∗-algebra and let
M > 0. Then, for any ǫ > 0, there is δ > 0 satisfying the following:
Let A be a unital C∗-algebra, let G ⊂ C be a self-adjoint subset with ‖f‖ ≤ M
for all f ∈ G, {ut : t ∈ [0, 1]} be a continuous path of unitaries and let h : C → A
be a monomorphism such that
u1 = 1, ‖[h(g), ut]‖ < δ for all g ∈ G and for all t ∈ [0, 1]
and
Length({ut}) ≤ L. (e 9.9)
Then there is a path of unitaries {vt : t ∈ [0, 1]} such that
v0 = u0, v1 = 1,
‖h(g), vt]‖ < ǫ for all g ∈ G and t ∈ [0, 1],
Length({vt}) ≤ L.
Moreover,
‖vt − vt′‖ ≤ L|t− t′|
for all t, t′ ∈ [0, 1].
Proof. Let 0 = t0 < t1 < · · · < tm = 1 be a partition of [0, 1] such that
0 < Length({ut : t ∈ [ti−1, ti]} ≤ π/2, (e 9.10)
i = 1, 2, ...,m.
Put wi = u
∗
ti−1uti , i = 1, 2, ...,m. Then there is a rectifiable continuous path
from wi to 1 with length no more than π/2. It follows that
sp(wi) ⊂ S = {eiπt : t ∈ [−1/2, 1/2]}.
Then
F (eiπt) = t
defines a continuous function from S to [−1/2, 1/2]. Then
wi = exp(
√−1πF (wi)), i = 1, 2, ...,m.
Function F does not depend on wi nor A.
Since G is self-adjoint and ‖f‖ ≤M for all f ∈ G, there is a positive number δ
depending on ǫ, M and F only, such that, if
‖[h(g), ut]‖ < δ for all g ∈ G and t ∈ [0, 1],
then
‖[h(g), exp(√−1πt F (wi))]‖ < ǫ (e 9.11)
for all t ∈ [0, 1] (cf. 2.5.11 of [28] and 2.6.10 of [28]). Let
li = Length({ut : t ∈ [ti−1, ti]}), i = 1, 2, ...,m.
Then
‖πF (wi)‖ = li, i = 1, 2, ...,m.
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Now, define
v0 = u0, vt = ui−1(exp(
√−1π t− si−1
si − si−1F (wi))) for all t ∈ [si−1, si],
where s0 = 0, si =
∑i
j=1 lj/L, i = 1, 2, ...,m. Clearly, if t, t
′ ∈ [si−1, si], then
‖vt − vt′‖ = ‖ exp(
√−1π t− si−1
si − si−1F (wi))− exp(
√−1π t
′ − si−1
si − si−1F (wi))‖
≤ ‖πF (wi)‖ |t− t
′|
li/L
= L|t− t′|. (e 9.12)
One then computes that
‖vt − vt′‖ ≤ L|t− t′| for all t, t′ ∈ [0, 1] (e 9.13)

The following follows from Zhang’s approximately halving projection lemma.
Lemma 9.4. Let A be a non-elementary simple C∗-algebra of real rank zero and
let p ∈ A be a non-zero projection. Then, for any integer n ≥ 1, there exist mutually
orthogonal projections p1, p2, ..., pn+1 such that p1 is equivalent to pi, i = 1, 2, ..., n,
pn+1 is equivalent to a projection in p1Ap1 and
p =
n+1∑
i=1
pi.
Proof. Fix n. There is m ≥ 1 such that 2m ≥ 2n2. Write
2m = ns+ r, r < s,
where s ≥ 1 is a positive integer and r is a nonnegative integer. It follows that
s ≥ n.
By Theorem 1.1 of [50], there are mutually orthogonal projections q1, q2, ..., q2m+1
such that q1 is equivalent to qk, k = 1, 2, ..., 2
m, and q2m+1 is equivalent to a pro-
jection in q1Aq1. Put
pi =
is∑
k=(i−1)s+1
qk, , i = 1, 2, ..., n and
pn+1 = q2m+1 +
2ns+r∑
k=ns+1
qk.
One checks that so defined p1, p2, ..., pn+1 meet the requirements.

Theorem 9.5. Let X be a connected finite CW complex with dim(X) ≥ 2 and let
A be a unital separable simple C∗-algebra with real rank zero and stable rank one.
Then there exists a sequence of unital monomorphisms hn : C(X) → A and a
sequence of unitaries {un} ⊂ A satisfying the following:
lim
n→∞
‖[un, hn(a)]‖ = 0 and Bott(hn, un) = {0}, n = 1, 2, ..., (e 9.14)
for all a ∈ C(X), and, for any L > 0, there exists ǫ0 and a finite subset F ⊂ C(X)
such that
58 2. THE BASIC HOMOTOPY LEMMA FOR HIGHER DIMENSIONAL SPACES
sup{sup{‖[un(t), hn(a)]‖ : t ∈ [0, 1]} : a ∈ F} ≥ ǫ0 (e 9.15)
for any sequence of continuous rectifiable path {un(t) : t ∈ [0, 1]} of unitaries of A
for which
un(0) = un, un(1) = 1A and Length({ut}) ≤ L. (e 9.16)
Proof. For each integer n, there are mutually orthogonal projections en,
p(n, 1), p(n, 2), ..., p(n, n3) in A such that p(n, 1) is equivalent to every p(n, i),i =
2, 3, ..., n3, and
[en] ≤ [p(n, 1)] and en +
n3∑
i=1
p(n, i) = 1A.
by 9.4. Since dimX ≥ 2, there is a subset X0 ⊂ X which is homeomorphic to
a (closed) k-cell with dimension of X0 is at least 2. There is a compact subset
Y ⊂ X0 such that Y is homeomorphic to S1. Without loss of generality, we may
write Y = S1. By 2.25, we define a monomorphism h
(0)
n : C([0, 1]) → enAen
and let h00 : C(X) → C([0, 1]) be a monomorphism. Put ψn = h(0)n ◦ h00. Let
{ei,j : 1 ≤ i, j ≤ n3} be a system of matrix unit for Mn3 . By mapping e1,1 to
p(n, 1), we obtain a unital monomorphism jn :Mn3 → (1− en)A(1 − en). Put
E(n, i) =
ni∑
j=n(i−1)+1
p(n, j), i = 1, 2, ..., n2.
jn induces a unital homomorphism jn,i : Mn → E(n, i)AE(n, i), i = 1, 2, ..., n2.
We will again use jn,i for the extension from M2(Mn) to M2(E(n, i)AE(n, i)),
i = 1, 2, ..., n2. As in [10], [11] and [38] there are two sequences of unitaries {u′n}
and {v′n} in Mn such that
lim
n→∞
‖u′nv′n − v′nu′n‖ = 0 and rank{[e(u′n, v′n)]} = n− 1. (e 9.17)
Denote p′n =
(
1 0
0 0
)
and q′n = e(u
′
n, v
′
n) in M2(Mn). There are partial isometries
w′n ∈M2(Mn) such that p′n − (w′n)∗q′nw′n is a rank one projection in M2(Mn).
Define pn = jn,i(p
′
n), qn = jn,i(q
′
n) and wn = jn,i(w
′
n), i = 1, 2, ..., n
2 and
n = 1, 2, .... Define φ′n,i : C(S
1) → p(n, j)Ap(n, j) by φn,i(g) = g(jn,i(v′n)) for
g ∈ C(S1), n = 1, 2, ..., and define φn,i = φ′n,i ◦ π′, where π′ : C(X) → C(S1) is
the quotient map which first maps C(X) onto C(X0) and then maps C(X0) onto
C(S1). Define hn : C(X)→ A by
hn(f) = ψn(f)⊕
n2∑
i=1
φn,i(f) (e 9.18)
for f ∈ C(X). Note that hn are monomorphisms. Define
un = en ⊕
n2∑
i=1
jn,i(u
′
n), n = 1, 2, .... (e 9.19)
Since each jn,i(un) is in a finite dimensional C
∗-subalgebra,
[un] = {0} in K1(A). (e 9.20)
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We also have
lim
n→∞
‖[hn(f), un]‖ = 0 for all f ∈ C(X). (e 9.21)
Since ψn factors through C([0, 1]) and φn,i factors through C(X0), by (e 9.20) and
9.2,
Bott(hn, un) = {0}, n = 1, 2, .... (e 9.22)
Denote B = l∞(A) and Q = q∞(A). Let H : C(X) → B be defined by {hn}.
Let Id be the (closed two-sided) ideal of B generated by
d = {E(n, 1)}.
Put
p = {diag(0, jn,1(p′n), jn,2(p′n), ..., jn,n2(p′n)},
q = {diag(0, jn,1(q′n), jn,2(q′n), ..., jn,n2(q′n)} and
w = {diag(0, jn,1(w′n), jn,2(w′n), ..., jn,n2(w′n)}. (e 9.23)
Put
e = p− w∗qw. (e 9.24)
Note that [E(n, 1)] = n[pn − w∗nqnwn]. Hence
[e] = n[E(n, 1)].
It follows from 9.1 that
e 6∈M2(Id) (e 9.25)
Now suppose that the lemma fails. Then, by passing to a subsequence if nec-
essary, we obtain a constant L > 0 and a sequence of continuous rectifiable paths
{z(n)t : t ∈ [0, 1]} of A such that
z
(n)
0 = un, z
(n)
1 = 1A and limn→∞
‖[z(n)t , hn(f)]‖ = 0. (e 9.26)
Moreover, for each n,
Length({z(n)t }) ≤ L (e 9.27)
It follows from 9.3 that there exists, for each n, a path of unitaries {vt(n) : t ∈ [0, 1]}
in A such that
v0(n) = z
(n)
0 , limn→∞
‖[hn(g), vt(n)]‖ = 0
for all g ∈ C(X) and
‖vt(n)− vt′(n)‖ ≤ L|t− t′| (e 9.28)
for all t, t′ ∈ [0, 1] and all n. In particular, {vt(n)} is equi-continuous on [0, 1].
Let π : B → Q be the quotient map. Put Zt = π({vt}) for t ∈ [0, 1]. By (e 9.28),
{Zt : t ∈ [0, 1]} is a continuous path of unitaries in Q. Moreover
Z0 = π({un}), Z1 = 1B and Zt(π ◦H(f)) = (π ◦H(f))Zt (e 9.29)
for all f ∈ C(X) and t ∈ [0, 1]. Let π¯I : Q → Q/π(Id). Then π¯I ◦ π ◦H induces a
homomorphism Ψ : C(S1)→ Q/π(Id) since {en} ∈ Id. We also have
π¯I(Z0) = π¯({un}), π¯I(Z1) = 1 and π¯I(Zt)Ψ(g) = Ψ(g)π¯I(Zt}) (e 9.30)
for all g ∈ C(S1). However, since e 6∈M2(Id), we compute that
Bott(Ψ, π¯I({un}) 6= {0}. (e 9.31)
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This contradicts (e 9.30).

9.6. As we know that a continuous rectifiable path with length L may fail to be
Lipschitz, for the future use, applying 9.3, Theorem 8.3 may be written as the
following. We also remark that Theorem 3.12 may also be written similarly.
Theorem 9.7. Let X be a compact metric space. For any ǫ > 0, any finite subset
F ⊂ C(X) and any (increasing) map ∆ : (0, 1)→ (0, 1), there exists δ > 0, a finite
subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero,
h : C(X)→ A is a unital monomorphism and u ∈ A is a unitary such that µτ◦h is
∆-distributed for all τ ∈ T (A),
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 9.32)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A
such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 9.33)
Moreover,
‖ut − ut′‖ ≤ (2π + ǫ)|t− t′| for all t, t′ ∈ [0, 1] (e 9.34)
and Length({ut}) ≤ 2π + ǫ. (e 9.35)
Remark 9.8. Let X be a connected finite CW complex, let A be a unital simple
C∗-algebra and let h : C(X)→ A be a unital monomorphism. Suppose that u ∈ A
is a unitary such that [h(f), u] = 0 for all f ∈ C(X). Denote by φ : C(X×S1)→ A
the homomorphism induced by h and u. Suppose there is a rectifiable continuous
path of unitaries {ut : t ∈ [0, 1]} of A such that ‖[h(a), u]‖ < ǫ < 1/2 on a set of
generators. We know that it is necessary that Bott(h, u) = 0. Theorem 6.1 states
that under the assumption that φ is injective, Bott(h, u) = 0 is also sufficient to
have such path of unitaries provided that A has tracial rank zero.
As in the proof of 9.5, if there is a sequence of unitaries un ∈ A such that
lim
n→∞
‖[h(a), un]‖ = 0 for all f ∈ C(X),
then we obtain a homomorphism Ψ : C(X × S1) → q∞(A). The existence of the
desired paths of unitaries implies (at least) that
Ψ∗0|β1(K1(C(X))) = 0.
However, q∞(A) is not simple. Suppose that I ⊂ q∞(A) is a closed two-sided ideal
and π¯ : q∞(A) → q∞(A)/I is the quotient map. Even if Ψ is a monomorphism,
kerπ¯ ◦ Ψ may not be zero. The trouble starts here. Suppose that F is a compact
subset of X such that
kerΨ ⊃ {f ∈ C(X × S1) : f |F×S1 = 0}.
We obtain a homomorphism Ψ1 : C(F × S1) → q∞(A)/I. The existence of the
paths also requires that
(Ψ1)∗0(β1(K1(C(F )))) = 0.
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This can not be guaranteed by Ψ∗0|β1(K1(C(X))) = 0 when dimX ≥ 2 as we see in
the proof. The relevant ideals are those associated with diminishing tracial states.
This topological obstruction can be revealed this way. The requirement to have a
fixed measure distribution as in 7.6 guarantees that kerπ¯ ◦Ψ = {0} for those ideals.
Therefore the condition of vanishing Bott maps is sufficient at least for the case
that A is assumed to have tracial rank zero.
When dimX ≤ 1, s∗1(K1(C(X))) = K1(C(F )), where s : C(X)→ C(F ) is the
quotient map. Thus ideals with diminishing tracial states do not produce anything
surprising. Therefore, when dimX ≤ 1, as one sees in the section 3, no measure
distribution are considered.
In Section 11, we will consider the case that A is assumed to be purely infinite
and simple. In that case, A has no tarcial states. So there is nothing about measure
distribution. In turns out, there is no hidden obstruction as we will see in the section
after the next.

CHAPTER 3
Purely infinite simple C∗-algebras
10. Purely infinite simple C∗-alegbras
Lemma 10.1. (Lemma 1.5 of [35]) Let X be a compact metric space, let F be
a finite subset of the unit ball of C(X). For any ǫ > 0 and any σ > 0, there
exists η > 0 such that for any unital C∗-algebra A of real rank zero and any
contractive unital ∗-preserving linear map ψ : C(X) → A, there is a finite subset
{x1, x2, ..., xn} ⊂ Ση(ψ,F) which is σ-dense in Ση(ψ,F) and mutually orthogonal
projections p1, p2, ..., pn in A satisfying the following:
‖ψ(f)−
n∑
i=1
f(xi)pi − pψ(f)p‖ < ǫ
for all f ∈ F .
Proof. The statement is slightly different from that of Lemma 1.5 of [35].
One can deduce this from Lemma 1.5 of [35]. But it also follows from the proof of
Lemma 1.5 of [35].

Lemma 10.2. Let X be a compact metric space and let F ⊂ C(X) be a finite
subset. For any ǫ > 0 and any σ > 0, there exists δ > 0 and a finite subset
G ⊂ C(X) satisfying the following:
For any unital C∗-algebra B and any unital monomorphism h : C(X)→ B, if
there exists a unitary u ∈ B such that
‖[h(g), u]‖ < δ for all g ∈ G,
then there is a finite σ-dense subset {x1, x2, ..., xm} ⊂ X and s1, s2, ..., sm (may not
be distinct) such that (xi, si) ∈ Σǫ(ψ,F ⊗ S), i = 1, 2, ...,m, where S = {1C(S1), z}
and where ψ(g ⊗ f) = h(g)f(u) for all g ∈ C(X) and f ∈ C(S1).
Theorem 10.3. Let X be a compact metric space and let ǫ > 0 and let F ⊂ C(X)
be a finite subset. There is δ > 0 and a finite subset G ⊂ C(X) and a finite subset
P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital purely infinite simple C∗-algebra and ψ, φ : C(X)→
A are two unital δ-G-multiplicative contractive completely positive linear maps for
which
[ψ]|P = [φ]|P , (e 10.1)
and ψ and φ are both 1/2-G-injective, then exists a unitary u ∈ A such that
‖adu ◦ ψ(f)− φ(f)‖ < ǫ for all f ∈ F . (e 10.2)
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Proof. If A is also assumed to be amenable, this theorem follows from the
combination of a theorem of Dadarlat (Theorem 1.7 of [5]) and Cor 7.6 of [31]. In
general case, we proceed as follows.
Let δ1 > 0 and G1 and P be required as in Theorem 3.1 of [13] for ǫ/16 and
F . Note (as stated before Theorem 3.1 of [13]) that Theorem 3.1 of [13] applies to
the case that A is a unital purely infinite simple C∗-algebra. We may assume that
F ⊂ G1.
By choosing smaller δ1 and larger G1, we may assume that
[L1]|P = [L2]|P
if both L1 and L2 are δ1-G1-multiplicative contractive completely positive linear
map from C(X) to A, and if
L1 ≈δ1 L2 on G1.
Let η1 = min{ǫ/16, δ1/4} and η2 < σX,η1,G1 . Therefore |f(x) − f(y)| < η1 for
all f ∈ G1, whenever dist(x, y) < η2. Put η3 = min{η1, η2}.
Let η > 0 be required in 10.1 corresponding to η3 (in place of ǫ), η2/2 (in place
of σ) and G1 (in place of F). We may assume that η < η3/2.
Let δ > 0 and G ⊂ C(X) be a finite subset required by 2.23 associated with η
(in place of ǫ) and G1 (in place of F). We may assume that G1 ⊂ G and δ < η.
Now suppose that ψ, φ : C(X) → A are two unital δ-G-multiplicative contrac-
tive completely positive linear maps which are both 1/2-G-injective such that
[ψ]|P = [φ]|P . (e 10.3)
By Lemma 1.5 of [35] and 2.23,
‖φ(f)−
N∑
j=1
f(ξj)pj + φ1(f)‖ < η3 and ‖ψ(f)−
N ′∑
i=1
f(ξ′i)p
′
i + ψ1(f)‖ < η3 (e 10.4)
for all f ∈ G1, where {p1, p2, ..., pN} and {p1, p2, ..., pN ′} are two sets of non-zero
mutually orthogonal projections, P =
∑N
j=1 pj , P
′ =
∑N ′
i=1 p
′
i, {ξ1, ξ2, ..., ξN} and
{ξ′1, ξ′2, ..., ξ′N ′} are two η2-dense subsets in X and ψ1 : C(X) → (1 − P )A(1 − P )
and ψ′1 : C(X) → (1 − P ′)A(1 − P ′) are two unital δ-G-multiplicative contractive
completely positive linear maps.
By the choice of η2, by replacing η3 by η1 in (e 10.4), we may assume that
N = N ′ and ξi = ξ
′
i, i = 1, 2, ..., N. Since A is purely infinite, we may write pi =
ei + e
′
i, where ei, e
′
i are two mutually orthogonal projections such that [ei] = [p
′
i],
i = 1, 2, ..., N. Put φ′1(f) =
∑N
i=1 f(ξi)e
′
i + φ1(f) for all f ∈ C(X). There is a
unitary U ∈ A such that
U∗p′iU = ei, i = 1, 2, ..., N.
Replacing φ1 by φ
′
1 and ψ by adU ◦ψ, in (e 10.4), we may assume that pi = p′i and
P = P ′. In other words, we may assume that
‖φ(f)−
N∑
j=1
f(ξj)pj + φ1(f)‖ < η1 and ‖ψ(f)−
N∑
i=1
f(ξi)pi + ψ1(f)‖ < η1 (e 10.5)
for all f ∈ G1,
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Define h0 : C(X) → PAP by h0(f) =
∑N
i=1 f(ξi)pi for all f ∈ C(X). By the
choice of δ1 and G1 and by (e 10.3), φ1 and ψ1 are δ1/2-G1-multiplicative and
[φ1]|P = [ψ1]|P . (e 10.6)
By Theorem 3.1 of [13], there is an integer l > 0, a unitary
w ∈Ml+1((1− P )A(1 − P )) and a unital homomorphism
h00 : C(X)→Ml((1 − P )A(1− P )) with finite dimensional range such that
diag(ψ1, h00) ≈ǫ/16 adw ◦ diag(φ1, h00) on F . (e 10.7)
By the choice of η2 and by replacing ǫ/16 by ǫ/8 in (e 10.7), we may assume
that
h00(f) =
N∑
j=1
f(ξj)qj for all f ∈ C(X) (e 10.8)
where {q1, q2, ..., qN} are mutually orthogonal projections in Ml((1− P )A(1−P )).
Since A is purely infinite and simple, we may write that pi = q
′
i + q
′′
i , where qi and
q′i are two mutually orthogonal projections such that [qi] = [q
′
i], 1 = 2, ..., N. There
is a unitary w1 ∈Ml+1(A) such that
w∗1qiw = q
′
i ≤ pi, i = 1, 2, ..., N. (e 10.9)
Thus, by (e 10.7), we obtain a unitary u ∈ A such that
adu ◦ (h0 + φ1) ≈ǫ/4 h0 + ψ1 on F . (e 10.10)
By (e 10.5), we have
adu ◦ ψ ≈ǫ φ on F .

Corollary 10.4. Let X be a compact metric space and let F ⊂ C(X) be a finite
subset. For any ǫ > 0, there are δ > 0, a finite subset G ⊂ C(X) and a finite subset
P ⊂ K(C(X)) satisfying the following:
For any unital purely infinite simple C∗-algebra A and any unital δ-G-multiplicative
contractive completely positive linear map ψ : C(X) → A which is 1/2-G-injective
such that
[ψ]|P = [h]|P ,
for some homomorphism h : C(X) → A, there is a unital monomorphism φ :
C(X)→ A such that
‖ψ(f)− φ(f)‖ < ǫ for all f ∈ F .
Proof. For sufficiently small δ and large G, we may assume that [h(1C(X))] =
[1A]. To make h injective, let e ∈ A be a projection with [e] = [h(1C(X))] such
that 1 − e 6= 0. So we may assume that h maps C(X) unitally to eAe. But then
[1 − e] = 0. There is a unital embedding φ0 : O2 → eAe. By applying 2.25, we
obtain a unital embedding h0 : C(X)→ O2. Put h00 = φ0 ◦h0. Then h1 = h+h00.
Then h1 is a unital monomorphism. We then apply 10.3 to obtain φ. 
The following is a combination of a result of M. Rørdam [44], a result of [9]
and the classification theorem of Kirchberg-Phillips .
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Lemma 10.5. Let A be a unital separable amenable purely infinite simple C∗-
algebra satisfying the Universal Coefficient Theorem and B be any unital purely
infinite simple C∗-algebra. Then for any α ∈ KL(A,B), there is a monomorphism
ψ : A→ B such that
α = [ψ].
Moreover, if α([1A]) = [1B], ψ can be made into a unital homomorphism.
Proof. Let C¯ be the class of those unital separable purely infinite simple C∗-
algebras for which the lemma holds. Let (G′0, g
′
0, G
′
1) be a triple, where G
′
0 and G
′
1
are finitely generated abelian groups and g′0 ∈ G′0 is an element. The proof of 5.6 of
[9] shows that the class C contains one unital separable amenable purely infinite sim-
ple C∗-algebra A satisfying the UCT such that (K0(A), [1A],K1(A)) = (G
′
0, g
′
0, G
′
1).
Now let (G0, g0, G1) be a triple for arbitrary countable abelian groups. Then
it is an inductive limit of those triples with finitely generated abelian groups.
By 8.2 of [44] (see also 5.9 of [44] and 5.4 of [9]), C¯ contains a unital separa-
ble amenable purely infinite simple C∗-algebra A satisfying the UCT such that
(K0(A), [1A],K1(A)) = (G0, g0, G1). By the classification of those purely infinite
simple C∗-algebras of Kirchberg and Phillips (see [42], for example), there is only
one such unital amenable separable purely infinite simple C∗-algebra satisfying the
UCT. 
The following also follows from a result of E. Kirchberg (in a coming paper).
Theorem 10.6. Let B be a unital separable amenable C∗-algebra which satisfies
the UCT and let A be a unital purely infinite simple C∗-algebra. Then, for any
κ ∈ KL(B,A), there is a monomorphism h : C(X)→ A such that
[h] = κ.
If A is unital and κ([1B]) = [1A], then h can be chosen to be unital.
Proof. There is a unital amenable separable purely infinite simple C∗-algebra
C satisfying the UCT such that
(K0(A), [1A],K1(A)) = (K0(B), [1B ],K1(B)).
Thus, by 7.2 of [46], there is an invertible element x ∈ KK(B,C). Thus, by The-
orem 6.7 of [31], there is a unital homomorphism h1 : B → C such that [h1] = x¯,
where x¯ ∈ KL(B,C) is the image of x. Since x is invertible, we obtain an isomor-
phism
KK(B,A) ∼= KK(C,A).
Let κ˜ ∈ KK(B,A) such that the image of κ˜ in KL(B,A) is κ. Let κ˜′ ∈ KK(C,A)
be the element which is the image of κ˜ under the above isomorphism. It follows
that there is α˜ ∈ KK(C,C) such that
[h1]× α˜× κ˜′ = κ˜, (e 10.11)
where × is the Kasparov product. Let α be the image of α˜ in KL(C,C) and let κ′
be the image of κ˜′ in KL(C,A), respectively. By 10.5, there are monomorphisms
h2 : C → A and homomorphism h3 : C → C such that
[h2] = κ
′ and [h3] = α. (e 10.12)
Define h = h2 ◦ h3 ◦ h1. Then
[h] = κ in KL(B,A).
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To make sure that h′ is a monomorphism, consider two non-zero projections
p1, p2 ∈ A such that p1 ≤ p2, p2 − p1 6= 0 and
[p1] = [p2] = κ([1B]).
By applying what we have shown to p1Ap1, we obtain a homomorphism h
′ : B →
p1Ap1 such that [h
′] = κ.
There is a unital embedding h0 from O2 into (p2 − p1)A(p2 − p1) (note that
[p2− p1] = 0 in K0(A)). It follows from 2.3 of [16] that there is a unital monomor-
phism h′0 : B → O2. Let h00 = h0 ◦ h′0. Then
[h00] = 0 in KK(B,A).
Define h = h00 + h
′. Then h is a monomorphism. Moreover, if κ([1B]) = [1A], we
can choose p2 = 1A.

Theorem 10.7. Let X be a finite CW complex and let ǫ > 0 and let F ⊂ C(X)
be a finite subset. There exists δ > 0 and a finite subset G ⊂ C(X) satisfying the
following.
For any purely infinite simple C∗-algebra A and any unital δ-G -multiplicative
contractive completely positive linear map ψ : C(X)→ A which is 1/2-G-injective,
there is a unital monomorphism h : C(X)→ A such that
‖ψ(f)− h(f)‖ < ǫ for all f ∈ F . (e 10.13)
Proof. If we also assume that A⊗O∞ ∼= A, for example, A is amenable, this
follows from Cor 7.6 of [31]. The general case follows from 10.4. Since Ki(C(X))
is finitely generated (i = 0, 1), it is easy to see that, with sufficiently small δ and
sufficiently large G, [ψ] gives an element in KL(C(X), A). This certainly follows
from 2.4. The next thing is to show that, for any κ ∈ KL(C(X), A), there is a
unital monomorphism h : C(X)→ A such that [h] = κ. This follows from Theorem
10.6. Then 10.4 applies. 
Lemma 10.8. Let X be a compact metric space, let ǫ > 0, let σ > 0, and let F ⊂
C(X) be a finite subset. Suppose that A is a unital purely infinite simple C∗-algebra
and suppose that h : C(X) → A is a unital homomorphism with the spectrum
F ⊂ X. Then there are nonzero mutually orthogonal projections e1, e2, ..., en and
a σ-dense subset {x1, x2, ..., xn} ⊂ F and a unital homomorphism h1 : C(X) →
(1− e)A(1− e) (where e =∑ni=1 ei) with the spectrum F such that
‖h(f)− (h1(f) +
n∑
i=1
f(xi)ei)‖ < ǫ for all f ∈ F .
Moreover, we may choose [ei] = 0 in K0(A), i = 1, 2, .., n and [h1] = [h] in
KL(C(X), A).
Proof. To simplify the notation, without loss of generality, we may assume
that X = F. Fix ǫ > 0 and a finite subset F ⊂ C(X). Without loss of generality,
we may assume that F is in the unit ball of C(X). Let δ > 0 and G ⊂ C(X) be a
finite subset required by 10.4 associated with ǫ/4 and F . Let δ1 = min{δ, ǫ/4}. Let
η = σX,δ1,G .
By choosing smaller δ and larger G, we may also assume that
[L1]|P = [L2]|P
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for any two unital δ-G-multiplicative contractive completely positive linear maps
from C(X) to A, provided that
L1 ≈δ L2 on G.
Let {x1, x2, ..., xn} be a σ-dense subset of X = F such that
max{|g(xi)| : i = 1, 2, ..., n} ≥ (3/4)‖g‖ for all g ∈ G. (e 10.14)
It follows from 10.1 that there are non-zero mutually orthogonal projections
such that
‖h(f)− [(1− p)h(f)(1 − p) +
n∑
i=1
f(xi)ei]‖ < δ1 and (e 10.15)
‖[1− p, h(f)]‖ < δ1 (e 10.16)
for all f ∈ G. Put e = ∑ni=1 ei. Define ψ : C(X) → (1 − e)A(1 − e) by ψ(f) =
(1− p)h(f)(1− p) for f ∈ C(X). Then ψ is δ1-G-multiplicative, by (e 10.16). Write
ei = e
′
i+e
′′
i , where e
′
i and e
′′
i are nonzero mutually orthogonal projections such that
[e′i] = 0 in K0(A), i = 1, 2, ..., n. (e 10.17)
This is possible since A is purely infinite and simple. By replacing (1−p)h(f)(1−p)
by (1 − p)h(f)(1 − p) +∑ni=1 f(xi)e′′i and replacing ei by e′i, we may assume, by
(e 10.14), that ψ is 1/2-G-injective and [ei] = 0 in K0(A), i = 1, 2, ..., n. Define
h0 : C(X) → eAe by h0(f) =
∑n
i=1 f(xi)ei for all f ∈ C(X). Since [ei] = 0 in
K0(A), we have that
[h0] = 0 in KL(C(X), A). (e 10.18)
Thus, by (e 10.15), (e 10.17) and by (e 10.18),
[ψ]|P = [h]|P . (e 10.19)
It follows from 10.4 that there is a unital monomorphism h1 : C(X) → (1 −
e)A(1− e) such that
‖h1(f)− ψ(f)‖ < ǫ/4 for all f ∈ F . (e 10.20)
Combining (e 10.15) and (e 10.20), we obtain that
‖h(f)− [h1(f) +
n∑
i=1
f(xi)ei]‖ < ǫ for all f ∈ F .
This proves the first part of the lemma. Note that h1 was chosen to have
[h1] = [h] as in the proof of 10.4. Thus the above proof also implies the last part
of the lemma.

Corollary 10.9. Let X be a compact metric space, let ǫ > 0, let σ > 0, and let
F ⊂ C(X) be a finite subset. Suppose that A is a unital purely infinite simple
C∗-algebra and suppose that h : C(X) → A is a unital homomorphism with the
spectrum F ⊂ X. Then, for any finite subset {x1, x2, ..., xn} ⊂ F, any z1, z2, ..., zn ∈
K0(A), there are nonzero mutually orthogonal projections e1, e2, ..., en with [ei] = zi,
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i = 1, 2, ..., n, and a unital homomorphism h1 : C(X) → (1 − e)A(1 − e) (where
e =
∑n
i=1 ei) with the spectrum F such that
‖h(f)− (h1(f) +
n∑
i=1
f(xi)ei)‖ < ǫ for all f ∈ F .
Proof. The only thing that needs to be added to 10.8 is that there is a non-
zero projection e′i ≤ ei (in A ) such that [e′i] = zi, i = 1, 2, ..., n. 
11. Basic Homotopy Lemma in purely infinite simple C∗-algebras
Now we establish the Basic Homotopy Lemma in purely infinite simple C∗-
algebras.
Lemma 11.1. Let X be a compact metric space and let A be a unital purely infinite
simple C∗-algebra and h : C(X)→ A be a monomorphism. Suppose that there is a
unitary u ∈ A such that
h(a)u = uh(a) for all a ∈ C(X) and Bott(h, u) = 0. (e 11.1)
Suppose also that ψ : C(X×S1)→ A defined by ψ(f ⊗g) = h(f)g(u) for f ∈ C(X)
and g ∈ C(S1) is a monomorphism. Then, for any ǫ > 0 and any finite subset
F ⊂ C(X), there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} of
A such that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ (e 11.2)
for all a ∈ F and all t ∈ [0, 1]. Moreover,
Length({ut}) ≤ π + ǫπ. (e 11.3)
Proof. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Without loss of generality,
we may assume that 1C(X) ∈ F . Let F1 = {a ⊗ b : a ∈ F , b = u, b = 1}. Let
η = σX×S1,ǫ/16,F . Let δ > 0, G ⊂ C(X × S1) be a finite subset of C(X × S1) and
P ⊂ K(C(X × S1)) be a finite subset required by 10.3 associated with ǫ/16 and
F1.
We may assume that δ and G are so chosen that, for any two δ1-G-multiplicative
contractive completely positive linear map L1, L2 : C(X × S1) → B (any unital
C∗-algebra B),
[L1]|P = [L2]|P ,
provided that
L1 ≈δ L2 on G.
With even smaller δ we may also assume that G = F2 ⊗ G1, where F2 ⊂ C(X)
and G1 ⊂ C(S1) are finite subsets and 1C(X) ⊂ F2 and 1C(S1) ⊂ G1.
Choose x ∈ X and let ξ = x× 1.
It follows from 10.9 that there is a non-zero projection e ∈ A with [e] = 0 in
K0(A) and a unital monomorphism ψ
′ : C(X × S1)→ (1− e)A(1 − e) such that
‖ψ(f)− (ψ′(f) + f(ξ)e)‖ < δ1/2 for all f ∈ G. (e 11.4)
Write e = e1+e2, where e1 and e2 are two non-zero mutually orthogonal projections
with [e1] = [1A] and [e2] = −[1A] in K0(A).
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It follows from 10.6 that there are unital monomorphisms h1 : C(X)→ e1Ae1
and h2 : C(X)→ e2Ae2 such that
[h1] = [h] and [h2] = −[h] in KL(C(X), A). (e 11.5)
Define ψ1 : C(X × S1)→ e1Ae1 by ψ1(f ⊗ g) = h1(f)g(1)e1 for all f ∈ C(X)
and g ∈ C(S1) and defined ψ2 : C(X × S1) → e2Ae2 by ψ2(f ⊗ g) = h2(f)g(1)e2
for all f ∈ C(X). Define Ψ0 : C(X × S1)→ (1− e1)A(1− e1) by Ψ0 = ψ2+ψ′ and
define Ψ : C(X × S1)→ A by Ψ = ψ1 +Ψ0. Note that
‖h(f)− (f(ξ)(e1 + e2) + ψ′(f ⊗ 1))‖ < δ1/2 for all f ∈ C(X). (e 11.6)
Define φ0 : C(X × S1) → (1 − e1)A(1 − e1) by φ0(f) =
∑m
j=1 f(xi)qi for all
f ∈ C(X×S1), where {x1, x2, ..., xm} are inX and {q1, q2, ..., qm} is a set of nonzero
mutually orthogonal projections such that [qi] = 0 in K0(A) and
∑m
i=1 qi = (1−e1).
This is possible since [1− e1] = 0 in K0(A). Then
[φ0] = 0 in KL(C(X), A). (e 11.7)
Moreover, by choosing more points and large m, we may assume that φ0 is 1/2-G-
injective.
Note that Bott(h, u) = 0. Thus , by 2.10 and by (e 11.4), (e 11.5) and (e 11.7),
[Ψ0]|P = [φ0]|P . (e 11.8)
It follows from 10.3 that there exists a unitary w1 ∈ (1−e1)A(1−e1) such that
adw1 ◦ φ0 ≈ǫ/16 Ψ0 on F1. (e 11.9)
By 2.10 and by (e 11.4), (e 11.5) and (e 11.7)
[Ψ]|P = [ψ]|P . (e 11.10)
It follows from 10.3 that there exists a uniatry w2 ∈ A such that
adw2 ◦Ψ ≈ǫ/16 ψ on F1. (e 11.11)
Let v = φ0(1⊗ z). In the finite dimensional commutative C∗-subalgebra
φ0(C(X × S1), it is easy to find a continuous rectifiable path of unitaries
{vt : t ∈ [0, 1]} in (1 − e1)A(1 − e1) such that
v0 = v, v1 = 1− e1 and ‖[φ0(a⊗ 1), vt]‖ = 0 (e 11.12)
for all t ∈ [0, 1] and
Length({vt}) ≤ π. (e 11.13)
Define
Ut = w
∗
2(e1 + w
∗
1(vt)w1)w2 for all t ∈ [0, 1]. (e 11.14)
Clearly U1 = 1A. Then, by (e 11.9) and (e 11.11),
‖U0 − u‖ = ‖adw2 ◦ (ψ1(1⊗ z)⊕ adw1 ◦ φ0(1⊗ z))− u‖
< ǫ/16 + ‖adw2 ◦ (ψ1(1⊗ z)⊕Ψ0(1 ⊗ z))− u‖
< ǫ/16 + ǫ/16 + ‖ψ(1⊗ z)− u‖ = ǫ/8. (e 11.15)
We also have, by (e 11.9), (e 11.11) and (e 11.12),
‖[h(a), Ut]‖ = 2(ǫ/16) + ‖[adw2 ◦Ψ(a⊗ 1), Ut]‖ < ǫ/8 + ǫ/8 = ǫ/4 (e 11.16)
for all a ∈ F . Moreover,
Length({Ut}) ≤ π. (e 11.17)
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By (e 11.17), (e 11.15) and (e 11.16), we obtain a continuous rectifiable path of
unitaries {ut : t ∈ [0, 1]} of A such that
u = u0, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all t ∈ [0, 1]. (e 11.18)
Furthermore,
Length({ut}) ≤ π + ǫπ. (e 11.19)

Lemma 11.2. Let X be a compact metric space and let F ⊂ C(X) be a finite
subset. For any ǫ > 0, there exists δ > 0 and a finite subset G ⊂ C(X) satisfying
the following: Suppose that A is a unital purely infinite simple C∗-algebra, that
h : C(X)→ A is a unital monomorphism and that u ∈ A is a unitary such that
‖[h(a), u]‖ < δ for all a ∈ G. (e 11.20)
Then there exists a unital monomorphism H : C(X × S1) → A and a rectifiable
continuous path of unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = H(1⊗ z), (e 11.21)
‖H(a⊗ 1)− h(a)‖ < ǫ and ‖[h(a), ut]‖ < ǫ for all t ∈ [0, 1] (e 11.22)
and for all a ∈ F . Moreover
Length({ut}) ≤ π + ǫ. (e 11.23)
Furthermore, there is a finite subset P ⊂ K(C(X)), if in addition to (e 11.20),
Bott(h, u)|P = 0,
we may also require that
[H ]|β(K(C(X))) = 0. (e 11.24)
Proof. Fix ǫ > 0 and a finite subset F ⊂ C(X). To simplify the notation,
without loss of generality, we may assume that F is in the unit ball of C(X). Let
δ1 > 0, G1 ⊂ C(X × S1) and P1 ⊂ K(C(X × S1)) be a finite subset which are
required in 10.4 associated with ǫ/32 and F ⊗ S, where S = {1C(S1), z}. Without
loss of generality, we may assume that G1 = F1 ⊗ S, where F1 ⊂ C(X) is a finite
subset.
We may assume that δ1 < min{1/2, ǫ/32} and F ⊂ F1. Put
P2 = {(id− βˆ)(x), βˆ(x), x : x ∈ P1}.
By choosing possibly even smaller δ1 and larger F1, we may assume that
[L1]|P2 = [L2]|P2
for any pair of δ1-F1⊗S-multiplicative contractive completely positive linear maps
from C(X ⊗ S1) to any unital C∗-algebra B, provided that
L1 ≈δ1 L2 on F1 ⊗ S.
There is σ > 0 such that for any σ-dense subset {x1, x2, ..., xn} ⊂ X and a
finite subset {t1, t2, ..., tm} such that
max{‖f(xi)‖ : i = 1, 2, ..., n} ≥ (3/4)‖f‖ (e 11.25)
for all f ∈ F1 and
max{‖g(xi × tj)‖ : 1 ≤ i ≤ n and 1 ≤ j ≤ m} ≥ (3/4)‖g‖ (e 11.26)
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for all g ∈ G1.
Let δ2 > 0 and G2 ⊂ C(X × S1) be a finite subset required in 2.23 for δ1/4 (in
place of ǫ), σ/2 (in place of σ) and G1 (in place of F). Without loss of generality,
we may assume that δ2 < δ1/4 and G2 = F2 ⊗ S with F2 ⊂ C(X) being a finite
subset containing F1.
Let η > 0 be required in 10.1 for δ2/2 (in place of ǫ), σ/2 and F2. We may
assume that η < δ2/2.
Let δ > 0 and G ⊂ C(X) (in place of F1) be a finite subset required by 2.8 for
δ2/2 and F2. We may assume F2 ⊂ G. We may further assume that δ is smaller
than that in 10.2 and G is larger than that in 10.2 for η (in place of ǫ) and σ/2 (in
place of σ) and F2 (in place of F).
Let P ⊂ K(C(X)) be a finite subset such that β(P) ⊃ βˆ(P1). Suppose that h
and u satisfy the conditions in the theorem for above δ, G and P . It follows from
2.8 that there is a δ2/2-G2-multiplicative contractive completely positive linear map
ψ : C(X × S1)→ A such that
‖ψ(f ⊗ g)− h(f)g(u)‖ < δ2/2 for all f ∈ F2 and g ∈ S. (e 11.27)
By applying 10.1 as well as 10.2, we have
‖ψ(f ⊗ g)− (Ψ1(f) +
n∑
i=1
f(xi)g(si)ei)‖ < δ2/2 (e 11.28)
for all f ∈ F2 and g ∈ S, where Ψ1 : C(X×S1)→ (1− e)A(1− e) is a unital δ2-G2-
multiplicative contractive completely positive linear map, e1, e2, ..., en are non-zero
mutually orthogonal projections, e =
∑n
i=1 ei, [ei] = 0 in K0(A) (i = 1, 2, ..., n),
{x1, x2, ..., xn} is σ-dense, and s1, s2, ..., sn are points in S1 (not necessarily dis-
tinct). Define Ψ′1 : C(X ⊗ S1) → eAe by Ψ′1(f) =
∑n
i=1 f(xi × si)ei for all
f ∈ C(X × S1). It follows that
[Ψ′1] = 0 in KL(C(X), A). (e 11.29)
There arem non-zero mutually orthogonal projections ei,1, ei,2, ..., ei,m in eiAei
such that [ei,j ] = 0 in K0(A), j = 1, 2, ...,m, for each i. Define Ψ0 : C(X × S1)→
eAe by Ψ0(f ⊗ g) =
∑n
i=1(
∑m
j=1 f(xi)g(tj)ei,j) for all f ∈ C(X) and g ∈ C(S1).
There is a continuous path of unitaries {wt : t ∈ [0, 1]} in the finite dimensional
commutative C∗-subalgebra Ψ0(C(X × S1)) such that
Length({wt}) ≤ π, w0 =
n∑
i=1
siei, w1 = Ψ0(1⊗ z). (e 11.30)
Moreover,
wtΨ0(f ⊗ 1) = Ψ0(f ⊗ 1)wt for all t ∈ [0, 1] (e 11.31)
and for all f ∈ C(X). Note also
[Ψ0] = 0 in KL(C(X × S1), A). (e 11.32)
By (e 11.25), Ψ0 is (3/4)-G1-injective. So Ψ1+Ψ0 is δ2-G1-multiplicative and (3/4)-
G1-injective. Let Φ0 : C(X × S1) → A by Φ0(f ⊗ g) = h(f)g(1) for all f ∈ C(X)
and g ∈ C(S1). The condition that Bott(h, u)|P = {0} (see 4.1) together with the
choice of δ1 and F1 implies that
[Φ0]|P2 = [ψ]|P2 . (e 11.33)
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By (e 11.28), (e 11.29), (e 11.32) and (e 11.33) and the choice of δ1 and F1, we have
[Φ0]|P2 = [Ψ1 +Ψ0]|P2 . (e 11.34)
By applying 10.4, we obtain a unital monomorphism H : C(X ×S1)→ A such
that
Ψ1 +Ψ0 ≈ǫ/32 H on F . (e 11.35)
Furthermore, from the proof of 10.4, if Bott(h, u)|P = 0 is assumed, we can also
assume that
[H ]|β(K(C(X))) = 0. (e 11.36)
There is a unitary w0 ∈ (1− e)A(1− e) such that
‖Ψ1(1 ⊗ z)− w0‖ < 2δ2 < δ1 < ǫ/32. (e 11.37)
Define Ut = w0 +wt for t ∈ [0, 1]. Then {Ut : t ∈ [0, 1]} is a continuous path of
unitaries in A such that
U0 = w0 +
n∑
i=1
siei, U1 = H(1⊗ z) and (e 11.38)
‖[Ut, H(f ⊗ 1)]‖ < 2δ2 + ǫ/32 < ǫ/16 for all t ∈ [0, 1] (e 11.39)
and for all f ∈ C(X).
Moreover,
Length({Ut}) ≤ π. (e 11.40)
Note also we have, by (e 11.28) and (e 11.35), and by (e 11.37)
H(f ⊗ 1) ≈ǫ/16 h(f) on F and (e 11.41)
‖u− U0‖ < ǫ/4. (e 11.42)
We also have, by (e 11.41) and (e 11.39),
‖[h(f), Ut]‖ < ǫ/8 (e 11.43)
The lemma follows if we connect u with U0 properly.

Theorem 11.3. Let X be a compact metric space. For any ǫ > 0 and any finite
subset F ⊂ C(X), there exists δ > 0, a finite subset G ⊂ C(X) and a finite subset
P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital purely infinite simple C∗-algebra and suppose that
h : C(X) → A is a unital monomorphism. Suppose that there is a unitary u ∈ A
such that
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = {0}. (e 11.44)
Then there is a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A such
that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 11.45)
Moreover,
‖ut − ut′‖ ≤ (2π + ǫ)|t− t′| for all t, t′ ∈ [0, 1] and (e 11.46)
Length({ut}) ≤ 2π + ǫ. (e 11.47)
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Proof. Fix ǫ > 0 and finite subset F ⊂ C(X). Let δ > 0, G ⊂ C(X) be a
finite subset and P ⊂ K(C(X)) be a finite subset required in 11.2 for ǫ/4 and F .
Suppose that h and u satisfy the conditions in the theorem. By 11.2, there is
a unital monomorphism H : C(X × S1) → A and there is a continuous rectifiable
path of unitaries {vt : t ∈ [0, 1]} in A satisfying the following:
v0 = u, v1 = H(1⊗ z), (e 11.48)
‖H(f ⊗ 1)− h(f)‖ < ǫ/4, ‖[h(f), vt]‖ < ǫ/4 (e 11.49)
for all t ∈ [0, 1] and for all f ∈ F ,
Length({vt}) ≤ π + ǫ/4 and [H ]|β(K(C(X))) = {0}. (e 11.50)
Put h1(f) = H(f ⊗ 1) for all f ∈ C(X). By (e 11.50),
Bott(h1, v1) = 0. (e 11.51)
It follows from 11.1 that there is a continuous rectifiable path {wt : t ∈ [0, 1]} in A
such that
w0 = v1, w1 = 1A, ‖[h1(f), wt]‖ < ǫ/4 (e 11.52)
for all t ∈ [0, 1] and f ∈ F , and
Length({wt}) ≤ π + ǫπ/4. (e 11.53)
Now define ut = v2t for t ∈ [0, 1/2] and ut = w2t−1 for t ∈ [1/2, 1]. Then,
u0 = v0 = u, u1 = w1 = 1A.
By (e 11.49) and (e 11.52),
‖[h(f), ut]‖ < ǫ for all t ∈ [0, 1] and for all f ∈ F .
Moreover, by (e 11.50) and (e 11.53)
length({ut}) ≤ 2π + ǫ.
To get (e 11.46), we apply 9.3 and what we have proved above. Note that we
may have to choose a different δ. 
Corollary 11.4. Let X be a finite CW complex and let F ⊂ C(X) be a finite
subset. For any ǫ > 0, there exists δ > 0, a finite subset G ⊂ C(X) satisfying the
following:
Suppose that A is a unital purely infinite simple C∗-algebra and suppose that
h : C(X) → A is a unital monomorphism. Suppose that there is a unitary u ∈ A
such that
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u) = {0}. (e 11.54)
Then there is a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A such
that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 11.55)
Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 11.56)
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Corollary 11.5. Let X be a compact metric space and let A be a unital purely
infinite simple C∗-algebra. Suppose that h : C(X)→ A is a unital monomorphism
and that there is a unitary u ∈ A such that
uh(f) = h(f)u for all f ∈ C(X) and Bott(h, u) = 0. (e 11.57)
Then there is a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of A such
that
u0 = u, u1 = 1A and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 11.58)
Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 11.59)
Remark 11.6. As we have seen in the case that A is a unital simple C∗-algebra
of real rank zero and stable rank one, one essential difference of the original Basic
Homotopy Lemma from the the general form is that the constant δ could no longer
be universal whenever the dimension of X is at least two. In that case, a measure
distribution becomes part of the statement. This additional factor disappears when
A is purely infinite. (There is no measure/trace in this case!) However, there is a
second difference. In both purely infinite and finite cases, when the dimension of
X is at least two, we need to assume that h is a monomorphism, and when the
dimension of X is no more than one, h is only assumed to be a homomorphism for
the case that K1(A) = {0}.
It is much easier to reveal the topological obstruction in this case. Just consider
a monomorphism φ : C(S1×S1)→ A with bott1(φ) 6= 0 and bott0(φ) = 0. In other
words,
bott1(u, v) 6= 0 and [v] = 0,
where u = φ(z⊗ 1) and v = φ(1⊗ z). This is possible if A is a unital purely infinite
simple C∗-algebra or A is a unital separable simple C∗-algebra with tracial rank
zero so that kerρA 6= {0}. Let D be the closed unit disk and view S1 as a compact
subset of D. Define h : C(D)→ A by h(f) = φ(f |S1(z⊗ 1)) for all f ∈ C(D). Since
D is contractive,
Bott(h, v) = 0.
But one can not find any continuous path of unitaries {vt : t ∈ [0, 1]} of A such
that
v0 = v, v1 = 1A and ‖[h(f), vt]‖ < ǫ
for all t ∈ [0, 1] and for some small ǫ, where f(z) = z for all z ∈ D, since
bott1(u, v) 6= 0 and h(f) = u. Counterexample for the case that A is a unital
separable simple C∗-algebra with tracial rank zero for which kerρA = {0} can
also be made but not for commuting pairs. One can begin with a sequence of
unitaries {un} and {vn} with vn ∈ U0(A) such that limn→∞ ‖[un, vn]‖ = 0 and
bott1(un, vn) 6= 0. Then define hn : C(D) → A by hn(f) = f(un) for f ∈ C(D).
Again Bott(hn, vn) = 0 and limn→∞ ‖[hn(f), vn]‖ = 0 for all f ∈ C(D). This will
give a counterexample. In summary, the condition that h is monomorphism can
not be replaced by the condition that h is a homomorphism in the Basic Homotopy
Lemma whenever dimX ≥ 2.

CHAPTER 4
Approximate homotopy
12. Homotopy length
In the next two sections, we will study when two maps from C(X) to A, a unital
purely infinite simple C∗-algebra, or a separable simple C∗-algebra of tracial rank
zero, are approximately homotopic. When two maps are approximately homotopic,
we will give an estimate for the length of the homotopy. In this section we will
discuss the notion of the length of a homotopy.
Lemma 12.1. Let A ∈ B be a unital simple C∗-algebra and let X be a compact
metric space. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Suppose that h0, h1 :
C(X) → A are two unital homomorphisms such that there is unitary u ∈ A such
that
adu ◦ h1(f) ≈ǫ/2 h0(f) on F .
Then, there is a unitary v ∈ U0(A) such that
ad v ◦ h1 ≈ǫ h0 on F .
Proof. Fix ǫ and F ⊂ C(X). Let η = σX,ǫ/2,F . For a point ξ ∈ X, let
g ∈ C(X)+ with support lies in O(ξ, η) = {x ∈ X : dist(x, ξ) < η}. We may choose
such ξ in the spectrum of h0 so that h0(g) 6= 0. Then there is a non-zero projection
e ∈ h0(g)Ah0(g).
Since A is assumed to be purely infinite or has real rank zero and stable rank
one, there is a unitary w ∈ eAe so that [(1 − e) + w] = [u∗] in K1(A). Moreover,
u((1− e) + w) ∈ U0(A). Put v = u((1− e) + w). Note that, by the choice of η,
‖((1− e) + w)∗h0(f)− h0(f)((1 − e) + w)‖ < ǫ/2
for all f ∈ F . Thus
ad v ◦ h1 ≈ǫ h0 on F .

Definition 12.2. Let A and B be unital C∗-algebras. Let H : A → C([0, 1], B)
be a contractive completely positive linear map. One has the following notion of
the length of the homotopy. For any partition P : 0 = t0 < t1 < · · · < tm = 1 and
f ∈ A, put
LH(P, f) =
m∑
i=1
‖πti ◦H(f)− πti−1 ◦H(f)‖ and
LH(f) = sup
P
LH(P, f).
Define
Length({πt ◦H}) = sup
f∈A,‖f‖≤1
LH(f).
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Theorem 12.3. Let A be a separable unital simple C∗-algebra of tracial rank zero
and let X be a compact metric space. Suppose that h0, h1 : C(X) → A are two
unital monomorphisms such that
[h0] = [h1] in KL(C(X), A) and (e 12.1)
τ ◦ h1 = τ ◦ h2 for all τ ∈ T (A) (e 12.2)
Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there is a unital homomor-
phism Φ : C(X)→ C([0, 1], A) such that πt ◦H is a unital monomorphism for all
t ∈ [0, 1],
h0 ≈ǫ π0 ◦ Φ on F and π1 ◦ Φ = h1. (e 12.3)
Moreover,
Length({πt ◦ Φ}) ≤ 2π. (e 12.4)
Proof. It follows from Theorem 3.3 of [32] that there exists a sequence of
unitaries w ∈ A such that
lim
n→∞
adwn ◦ h1(f) = h0(f) for all f ∈ C(X).
It follows from 12.1 that there is z ∈ U0(A) such that
ad z ◦ h1 ≈ǫ/2 h0 on F .
It follows from [20] that, for any ǫ > 0, there is a continuous path of unitaries
{zt : t ∈ [0, 1]} in A such that
z0 = 1, ‖z1 − z‖ < ǫ/2M,
where M = max{‖f‖ : f ∈ F}, and
Length({zt}) ≤ π
Define H : C(X)→ C([0, 1], A) by
πt ◦H(f) = ad zt ◦ h1.
Then
Length({πt ◦H}) ≤ 2π.

12.4. Let ξ1, ξ2 ∈ X. Suppose that there is a continuous rectifiable path γ : [0, 1]→
X such that γ(0) = ξ1 and γ(1) = ξ2. Let A be a unital C
∗-algebra. Define
ψ1, ψ2 : C(X)→ A by ψi(f) = f(ξi)·1A. These two homomorphisms are homotopic.
In fact one can define H : C(X) → C([0, 1], A) by πt ◦ H(f) = f(γ(t)) for all
f ∈ C(X). However, with definition 12.2, Length({πt ◦H}) = ∞ even in the case
that X = [0, 1], ξ1 = 0 and ξ2 = 1. This is because the presence of continuous
functions of unbounded variation. Nevertheless {πt ◦H} should be regarded good
homotopy. This leads us to consider a different notion of the length.
Definition 12.5. Let X be a path connected compact metric space and fix a base
point ξX . Denote by Pt(x, y) a continuous path in X which starts at x and ends at
y. By universal homotopy length, we mean the following constant:
L(X, ξX) = sup
y∈X
inf{Length({Pt(ξX , y)}) : Pt(ξX , y)}. (e 12.5)
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Define
Lp(X) = inf
ξX∈X
L(X, ξX) and L¯p(X) = sup
ξX∈X
L(X, ξX).
The total length of X, denote by L(X), is the following constant:
L(X) = sup
ξ,ζ∈X
inf{Length({Pt(ξ, ζ)} : Pt(ξ, ζ)}. (e 12.6)
It is clear that
Lp(X) ≤ L(X, ξX) ≤ L¯p(X) ≤ L(X) ≤ 2L(X, ξX). (e 12.7)
If D is the closed unit disk, then
Lp(D) = L(D, {0}) = 1 and L¯p(D) = L(D) = 2. (e 12.8)
If S1 is the unit circle, then
Lp(S
1, 1) = L(S1, 1) = L¯p(S
1) = L(S1) = π. (e 12.9)
There are plenty of examples that L(X, ξX) =∞ for any ξX ∈ X. For example,
let X be the closure of the image of map f(t) = t sin(1/t) for t ∈ (0, 1].
Definition 12.6. Let X be a path connected compact metric space. We fix a
metric d(−,−) : X ×X → R+. A function f ∈ C(X) is sad to be Lipschitz if
sup
x,x′∈X,x 6=x′
|f(x) − f(x′)|
d(x, x′)
<∞.
For Lipschitz function f, define
D¯f = sup
x∈X
lim
δ→0
sup
x′,x′′∈O(x,δ)
|f(x′)− f(x′′)|
d(x′, x′′)
. (e 12.10)
Note that
D¯f ≤ sup
x,x′∈X,x 6=x′
|f(x)− f(x′)|
d(x, x′)
<∞.
Definition 12.7. Let A be a unital C∗-algebra and let H : C(X) → C([0, 1], A)
be a homotopy path from π0 ◦H to π1 ◦H.
By the homotopy length of {πt ◦H}, denote by
Length({πt ◦H}),
we mean
sup{LH(f) : f ∈ C(X), D¯f ≤ 1}.
Proposition 12.8. Let X be a connected compact metric space. For any unital
C∗-algebra A and unital homomorphism H : C(X)→ C([0, 1], A),
Length({πt ◦H}) ≤ Lp(X)Length({πt ◦H}) (e 12.11)
for any ξX ∈ X.
Proof. Note that if Length({πt ◦H}) = 0, then Length({πt ◦H}) = 0. So we
may assume that Length({πt ◦H}) 6= 0. In this case, it is clear that we may assume
that Lp(X) <∞. It follows that L(X) <∞ (by (e 12.7)).
Fix ξX ∈ X. We first assume that
Length({πt ◦H}) <∞.
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Fix ǫ > 0. There is a Lipschitz function f ∈ C(X) with D¯f ≤ 1 such that
LH(f) > Length({πt ◦H})− ǫ. (e 12.12)
Fix x ∈ X. Let η > 0. There is a continuous rectifiable path Qt(x, ξX) which
connects x with ξX such that
Length({Qt(x, ξX)}) < inf{Length({Pt(x, ξX)}) : Pt(x, ξX)}+ η. (e 12.13)
Denote by Q∗ the image of the path {Qt : t ∈ [0, 1]}. It is a compact subset of
X. For each y ∈ Q∗, there is a δy > 0 such that
|f(y′)− f(y′′)| ≤ (1 + η)d(y, y′) (e 12.14)
for any y′, y′′ ∈ O(y, δy) (Note that D¯f ≤ 1). Since ∪y∈Q∗O(y, δy/2) ⊃ Q∗, one
easily obtains a partition {t0 = 0 < t1 < t2 < · · · < tn = 1} such that, if x ∈
[ti−1, ti], then
|f(x) − f(Qti)| ≤ (1 + η)d(x,Qti) and (e 12.15)
|f(Qti)− f(Qti−1)| ≤ (1 + η)d(Qti−1, Qti), (e 12.16)
i = 1, 2, ..., n.
Put g = f(x)− f(ξX). Then
|g(x)| = |f(x)− f(ξX)| ≤
n∑
i=1
|f(Qti)− f(Qti−1)|
≤ (1 + η)
n∑
i=1
d(Qti , Qti−1)
≤ (1 + η)Length({Qt(x, ξ)})
≤ (1 + η)L(X, ξX) + η + η2 (e 12.17)
for all η > 0. It follows that ‖g‖ ≤ L(X, ξX). Note that
πt ◦H(g) = πt ◦H(f)− f(ξX) · 1A. (e 12.18)
It follows from (e 12.18) and (e 12.12) that
LH(g) = LH(f) > Length({πt ◦H})− ǫ. (e 12.19)
Therefore
L(X, ξX)Length({πt ◦H}) ≥ LH(g) > Length({πt ◦H})− ǫ (e 12.20)
(e 12.21)
for all ǫ > 0. Let ǫ→ 0. We then obtain
Length({πt ◦H}) ≤ L(X, ξX)Length({πt ◦H}) (e 12.22)
for any ξX ∈ X. Thus (e 12.11) holds.
If Length({πt ◦H}) =∞, let L > 0. We replace (e 12.12 by
LH(f) > L. (e 12.23)
Then, instead of (e 12.19), we obtain that
LH(g) = LH(f) > L. (e 12.24)
Therefore
L(X, ξX)Length({πt ◦H}) ≥ LH(g) > L. (e 12.25)
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It follows that
Length({πt ◦H}) =∞.

Fix a base point ξX and a point x ∈ X. Let γ : [0, 1] → X be a continuous
path such that γ(0) = x and γ(1) = ξX . Let A be a unital C
∗-algebra. Define
h0(f) = f(x)1A and h1(f) = f(ξX)1A for all f ∈ C(X). One obtains a homotopy
path H : C(X) → C([0, 1], A) by πt ◦H(f) = f(γ(t))1A for f ∈ C(X). Then one
has the following easy fact:
Proposition 12.9.
Length({πt ◦H}) ≤ Length({γ(t) : t ∈ [0, 1]}). (e 12.26)
Proof. Let ǫ > 0. There is f ∈ C(X) with L¯f ≤ 1 such that
LH(f) > Length({πt ◦H})− ǫ/2. (e 12.27)
There is a partition P :
0 = t0 < t1 < · · · < tn = 1
such that
n∑
j=1
|f(γ(tj))− f(γ(tj−1))| > LH(f)− ǫ/2. (e 12.28)
Let η > 0. For each t ∈ [0, 1], there is δt > 0 such that
|f(γ(t′))− f(γ(t′′))| ≤ (1 + η)d(γ(t′), γ(t′′)) (e 12.29)
if γ(t′), γ(t′′) ∈ O(γ(t), δt). From this, one obtains a finer partition
0 = s0 < s1 < · · · < sm = 1
such that
|f(γ(si))− f(γ(si−1))| ≤ (1 + η)d(γ(si), γ(si−1)), (e 12.30)
i = 1, 2, ..., n and
m∑
i=1
|f(γ(si))− f(γ(si−1))| > LH(f)− ǫ/2. (e 12.31)
It follows that
LH(f)− ǫ/2 <
m∑
i=1
(1 + η)d(γ(si), γ(si−1)
≤ (1 + η)Length({γ(t) : t ∈ [0, 1]}) (e 12.32)
for any η > 0. Let η → 0, one obtains
LH(f)− ǫ/2 ≤ Length({γ(t) : t ∈ [0, 1]}) (e 12.33)
Combining (e 12.27), one has
Length({πt ◦H})− ǫ ≤ Length({γ(t) : t ∈ [0, 1]}). (e 12.34)
Let ǫ→ 0. One conclude that
Length({πt ◦H}) ≤ Length({γ(t) : t ∈ [0, 1]}). (e 12.35)

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Remark 12.10. If X is a path connected compact subset of Cn, with
dist(ξ, ζ) = max
1≤i≤n
|xi − yi|,
where ξ = (x1, x2, ..., xn) and y = (y1, y2, ..., yn). One easily shows that (e 12.26)
becomes an equality. When X = γ and γ is smooth, then it is also easy to check
that (e 12.26) becomes equality.
Lemma 12.11. Let X be a path connected compact metric space and let ξX ∈ X
be a point.
(1) Then L(X × S1, ξX × 1) ≤
√
L(X, ξ)2 + π2.
(2) Suppose that A is a unital C∗-algebra and h : C(X) → A is unital ho-
momorphism with finite dimensional range. Let ψ : C(X) → A be defined by
ψ(f) = f(ξX) · 1A. Then, for any ǫ > 0, and finite subset F ⊂ C(X), there exist
two homomorphisms H1, H2 : C(X)→ C([0, 1], A) such that
π0 ◦H1 = h, π1 ◦H1 = ψ for all f ∈ C(X), (e 12.36)
Length({πt ◦H}) ≤ L(X, ξX) + ǫ (e 12.37)
and
π0 ◦H2 = h, π1 ◦H2 ≈ǫ ψ for all f ∈ F and (e 12.38)
Length({πt ◦H2}) ≤ L(X, ξX). (e 12.39)
(3) Suppose that h1, h2 : C(X) → A are two unital homomorphisms so that
h1(A), h2(A) ⊂ B ⊂ A, where B is a unital commutative finite dimensional C∗-
subalgebra. Then, for any ǫ > 0, there is a unital homomorphism H : C(X) →
C([0, 1], B) such that
πt ◦H = h1, π1 ◦H = h2 and (e 12.40)
Length({πt ◦H}) ≤ L(X) + ǫ. (e 12.41)
(4) Suppose that h : C(X × S1) → A is a unital homomorphism with finite
dimensional range, where A is a unital C∗-algebra. Then, for any ǫ > 0, there
exists a homomorphism H : C(X × S1)→ C([0, 1], A) such that
π0 ◦H = h, π1 ◦H(f) = f(ξX × 1)1A for all f ∈ C(X × S1), (e 12.42)
Length({πt ◦H |C(X)⊗1}) ≤ L(X, ξX) + ǫ, (e 12.43)
Length({πt ◦H |1⊗C(S1)}) ≤ π and (e 12.44)
[πt ◦H(1⊗ z), πt′ ◦H(f ⊗ 1)] = 0 (e 12.45)
for any f ∈ C(X) and t, t′ ∈ [0, 1].
(5) If h1, h2 : C(X × S1) → B are two unital homomorphisms, where B is a
unital commutative finite dimensional C∗-algebra, then for any ǫ > 0, there exists
a homomorphism H : C(X × S1)→ C([0, 1], B) such that
π0 ◦H = h1, π1 ◦H = h2 (e 12.46)
Length({πt ◦H |C(X)⊗1}) ≤ L(X) + ǫ, (e 12.47)
Length({πt ◦H |1⊗C(S1)}) ≤ π. (e 12.48)
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Proof. We may assume that L(X, ξX) <∞. Then L(X) <∞.
(1) is obvious.
For (2), let
h(f) =
n∑
i=1
f(xi)ei for all f ∈ C(X).
where x1, x2, ..., xn ∈ X and {ei : i = 1, 2, ..., n} is a set of mutually orthogonal
projections such that
∑n
i=1 ei = 1A. For any ǫ > 0, define
η = σX,ǫ,F and ǫ1 = min{ǫ, η}.
For each i, there is a rectifiable continuous path γi : [0, 1]→ X such that γi(0) = xi
and γi(1) = ξX such that
Length({γi}) < L(X, ξX) + ǫ1, i = 1, 2, ..., n,
Define H1 : C(X × S1)→ C([0, 1], A) by
πt ◦H1(f) =
n∑
i=1
f(γi(t))ei
for all f ∈ C(X × S1) and t ∈ [0, 1].
Fix a partition P : 0 = t0 < t1 < · · · < tk = 1. For any f ∈ C(X) with L¯f ≤ 1,
by applying 12.9,
k∑
j=1
‖πtj ◦H1(f)− πtj−1 ◦H1(f)‖ =
k∑
j=1
(
n∑
i=1
|f(γi(tj))− f(γi(tj−1))|ei)
=
n∑
i=1
k∑
j=1
|f(γi(tj))− f(γi(tj−1))|ei)
≤ max
1≤i≤n
{
k∑
j=1
|f(γi(tj))− f(γi(tj−1))|}
≤ L(X, ξX) + ǫ1. (e 12.49)
It follows that
Length({πt ◦H1}) ≤ L(X, ξX) + ǫ. (e 12.50)
By re-parameterizing the paths γi, we may assume that, for some a ∈ (0, 1),
Length({γi(t) : t ∈ [0, a]}) ≤ L(X, ξX) and
Length({γi(t) : t ∈ [a, 1]}) < η, (e 12.51)
i = 1, 2, ..., n. Define H2 : C(X)→ C([0, 1], A) by πt ◦H2 = π t
a
◦H1. We have that
dist(ξX , γi(a)) < η, i = 1, 2, ..., n.
It follows that, for f ∈ F ,
‖π1 ◦H2(f)− ψ(f)‖ = ‖πa ◦H1(f)− f(ξX) · 1A‖
= ‖
n∑
i=1
f(γi(a))ei −
n∑
i=1
f(ξX)ei‖ < ǫ. (e 12.52)
Moreover,
Length({πt ◦H2}) ≤ L(X, ξX). (e 12.53)
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For (3), suppose that B is the commutative finite dimensional C∗-subalgebra
generated by {e1, e2, ..., em}, where e1, e2, ..., em are non-zero mutually orthogonal
projections. We may write
hi(f) =
m∑
k=1
f(xi,k)ek for all f ∈ C(X),
where {xi,k : 1 ≤ k ≤ m} is a set of (not necessarily distinct) points in X, i = 1, 2.
For any ǫ > 0, for each k, there exists a continuous path {γk : t ∈ [0, 1]} in X such
that
γk(0) = x1,k, γk(1) = x2,k and
Length({γk(t)}) ≤ L(X) + ǫ.
Define H : C(X)→ C([0, 1], B) by
πt ◦H(f) =
m∑
k=1
f(γk(t))ek for all f ∈ C(X).
Similar to the estimate (e 12.49), we obtain that
Length({πt ◦H}) ≤ L(X) + ǫ.
For (4), we write
h(f) =
n∑
i=1
m∑
j=1
f(ξi × tj)ei,j
for all f ∈ C(X × S1), where x1, x2, ..., xn ∈ X and t1, t2, ..., tm ∈ S1, and
{ei,j, i = 1, 2, ..., n, j = 1, 2, ...,m} is a set of mutually orthogonal projections such
that
∑
i,j ei,j = 1A. For each i, there is a continuous path γi : [0, 1/2] → X such
that γi(0) = xi and γi(1) = ξX . Define ht : C(X × S1)→ A by
ht(f) =
n∑
i=1
m∑
j=1
f(γi(t)× tj)ei,j
for all f ∈ C(X × S1) and t ∈ [0, 1/2]. If L(X, ξX) < ∞, then, for any ǫ > 0, we
may also assume that
Length({γi}) ≤ L(X, ξX) + ǫ, i = 1, 2, ..., n.
There is for each j, a rectifiable continuous path λj : [1/2, 1]→ S1 such that
λj(0) = tj , λj(1) = 1 and Length({λj}) ≤ π
j = 1, 2, ...,m. For t ∈ [1/2, 1], define
ht(f) =
n∑
i=1
m∑
j=1
f(ξX × λ(t))ei,j
for all f ∈ C(X × S1).
Note that
ht(f)ht′(f) = ht′(f)ht(f) for all f ∈ C(X × S1) (e 12.54)
and any t, t′ ∈ [0, 1]. We then define H : C(X × S1)→ C([0, 1], A) by
H(f)(t) = ht(f) for all f ∈ C(X) and t ∈ [0, 1]
By the proof of (2), it is easy to check that (e 12.42), (e 12.43),(e 12.44) and (e 12.45)
hold.
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Part (5) follows from the combination of the proof of (3) and (4). 
13. Approximate homotopy for homomorphisms
Theorem 13.1. Let X be a path connected compact metric space with the base
point ξX and let A be a unital separable simple C
∗-algebra which has tracial rank
zero, or is purely infinite. Suppose that h : C(X) → A is a unital monomorphism
such that
[h|C0(YX)] = {0} in KL(C(X), A). (e 13.1)
Then, for any ǫ > 0 and any compact subset F ⊂ C(X), there is homomorphism
H : C(X)→ C([0, 1], A) such that
π0 ◦H ≈ǫ h on F and π1 ◦H = ψ, (e 13.2)
where ψ(f) = f(ξX) · 1A. Moreover,
Length({πt ◦H}) ≤ L(X, ξX). (e 13.3)
Proof. Note that [ψ|C0(YX )] = 0. Thus [ψ] = [h] in KL(C(X), A). By Theo-
rem 3.8 of [14] (in the case that TR(A) = 0), or by Theorem 1.7 of [5] (in the case
that A is purely infinite), there is a homomorphism h0 : C(X) → A with finite
dimensional range such that
h1 ≈ǫ/2 h0 on F .
Since h0 has finite dimensional range, by 12.11, there is a homomorphism H :
C(X)→ C([0, 1], A) such that
π0 ◦H ≈ǫ/2 h0 on F and π1 ◦H = ψ.
Moreover,
Length({πt ◦H}) ≤ L(X, ξX).

Proposition 13.2. Let A and B be two unital C∗-algebras and let h1, h2 : A→ B
be two unital homomorphisms. Suppose that, for any ǫ > 0 and any finite subset
F ⊂ A, there is a unital homomorphism H : A→ C([0, 1], B) such that
π0 ◦H = h1 and π1 ◦H ≈ǫ h2 on F .
Then
[h1] = [h2] in KL(A,B).
Proof. This follows straightforward from the definition and see 2.7.

Proposition 13.2 states an obvious fact that if h1 and h2 are homotopic then
[h1] = [h2] in KL(A,B). We will show that, when A = C(X) and B is a unital
purely infinite simple C∗-algebra or B is a unital separable simple C∗-algebra of
tracial rank zero, at least for monomorphisms, [h] is a complete approximately
homotopy invariant.
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Theorem 13.3. Let X be a compact metric space and let A be a unital purely infi-
nite simple C∗-algebra. Suppose that h1, h2 : C(X)→ A are two unital monomor-
phisms such that
[h1] = [h2] in KL(C(X), A). (e 13.4)
Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there is a unital homomor-
phism H : C(X)→ C([0, 1], A) such that
π0 ◦H = h1 and π1 ◦H ≈ǫ h2 on F , (e 13.5)
Moreover, each πt ◦H is a monomorphism (for t ∈ [0, 1]) and
Length({πt ◦H}) ≤ 2π + ǫ and (e 13.6)
If, in addition, X is path connected, then
Length({πt ◦H}) ≤ 2πLp(X) + ǫ. (e 13.7)
Furthermore, the converse also holds.
Proof. It follows from a theorem of Dadarlat [5] (see 10.3) that h1 and h2 are
approximately unitarily equivalent, by applying 12.1, we obtain a unitary u ∈ A
with [u] = 0 in K1(A) such that
adu ◦ h1 ≈ǫ h2.
By a theorem of N. C. Phillips ([41]), there is a continuous unitaries {ut : t ∈ [0, 1]}
(see 13.1, or see Lemma 4.4.1 of [28] for the exact statement) such that
u0 = 1, u1 = u and Length({ut}) ≤ π + ǫ/2.
Define H : C(X)→ C([0, 1], A) by H(f)(t) = adut ◦ h1(f) for f ∈ C(X). Then,
π0 ◦H = h1 and π1 ◦H = adu ◦ h1.
Moreover, we compute that
Length({πt ◦H}) ≤ 2π + ǫ. (e 13.8)
If X is path connected and L(X, ξX) < ∞, we may choose {ut : t ∈ [0, 1]} so
that
Length({ut}) ≤ π + ǫ
4(1 + L(X))
.
Then (e 13.8) becomes
Length({πt ◦H}) ≤ 2π + ǫ
2(1 + L(X))
.
By 12.8,
Lnegth({πt ◦H}) ≤ 2πLp(X) + ǫ.

Remark 13.4. The assumption that both h1 and h2 are monomorphism is impor-
tant. Suppose that X has at least two path connected components, say X1 and X2.
Fix two points, ξi ∈ Xi, i = 1, 2. Suppose that A is a unital purely infinite simple
C∗-algebra with [1A] = 0 in K0(A). Define hi : C(X)→ A by hi(f) = f(ξi) ·1A for
all f ∈ C(X), i = 1, 2. Then [h1] = [h2] = 0 in KL(C(X), A). It is clear that they
are not approximately homotopic. However, when X is path connected, we have
the following approximate homotopty result.
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Theorem 13.5. Let X be a path connected compact metric space and let A be a
unital purely infinite simple C∗-algebra. Suppose that h1, h2 : C(X) → A are two
unital homomorphisms such that
[h1] = [h2] in KL(C(X), A).
Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist two unital homo-
morphisms H1, H2 : C(X)→ C([0, 1], A) such that
π0 ◦H1 ≈ǫ/3 h1, π1 ◦H1 ≈ǫ/3 π0 ◦H2 and π1 ◦H2 ≈ǫ/3 h2 on F .
Moreover,
Length({πt ◦H1}) ≤ L(X, ξ1)(1 + 2π) + ǫ/2 and
Length({πt ◦H2}) ≤ L(X, ξ2) + ǫ/2,
where ξi is (any) point in the spectrum of hi, i = 1, 2.
(Note L(X, ξi) ≤ L¯p(X))
Proof. Let ǫ > 0 and F ⊂ C(X) be finite subset. Let δ > 0 and G ⊂ C(X)
be a finite subset required in 10.3 for ǫ/3 and F .
Suppose that ξi is a point in the spectrum of hi, i = 1, 2. It follows from virtue
of 10.8 and 10.9 that we may write that
‖h1(f)− (h′1(f) + f(ξ1)p1)‖ < ǫ/3 and (e 13.9)
‖h2(f)− (h′2(f) + f(ξ2)p2)‖ < ǫ/3 (e 13.10)
for all f ∈ G, where p1, p2 are projections in A with [p1] = [p2] = 0 and h′i :
C(X) → (1 − pi)A(1 − pi) is a unital monomorphism with [h′i] = [hi] = [h1] in
KL(C(X), A), i = 1, 2, . Denote φi(f) = f(ξi)pi for all f ∈ C(X). Suppose that
{x1, x2, ..., xm} ⊂ C(X) such that
max{‖f(xi)‖ : i = 1, 2, ...,m} ≥ (3/4)‖f‖ for all f ∈ G. (e 13.11)
There are m non-zero mutually orthogonal projections pi,1, pi,2, ..., pi,m ∈ piApi
such that [pi,1] = 0, i = 1, 2. Define
φ′i(f) =
m∑
k=1
f(xi)pi,k for all f ∈ C(X), i = 1, 2. (e 13.12)
By 12.11 there is a unital homomorphism H ′i : C(X)→ C([0, 1], piApi) such that
π0 ◦H ′i = h′i + φi and π1 ◦H ′i = h′i + φ′i (e 13.13)
i = 1, 2. Moreover,
Length({πt ◦H ′i}) ≤ L(X, ξi) + ǫ/2, i = 1, 2. (e 13.14)
Note that both h′i + φi are 1/2-G-injective homomorphisms and
[h′1 + φ
′
1] = [h
′
1] = [h1] = [h
′
2 + φ
′
2]. (e 13.15)
Combining 10.3 and 12.1, we obtain a unitary u ∈ A with [u] = 0 in K1(A) such
that
adu ◦ (h′1 + φ′1) ≈ǫ/3 h′2 + φ′2 on G. (e 13.16)
Let {ut : t ∈ [0, 1/2]} be a continuous path of unitaries in A such that u0 = 1,
u1 = u and
Lenghth({ut}) ≤ π + ǫ/8(1 + L(X)).
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Now define H1 : C(X)→ C([0, 1], A) as follows
πt ◦H1 =
{
π2t ◦H ′1 for all t ∈ [0, 1/2]
adut ◦ (h′1 + φ′1) for all t ∈ (1/2, 1].
Define H2 : C(X)→ C([0, 1], A) by πt ◦H2 = π1−t ◦H ′2.
We check (applying 12.9) thatH1 andH2 meet the requirements of the theorem.

Lemma 13.6. Let X be a finite CW complex, let ǫ > 0 and let F ⊂ C(X) be a
finite subset. Let η = σX,ǫ/16,F . Let {x1, x2, ..., xm} be an η/2-dense subset of X
for which Oi ∩Oj = ∅ (if i 6= j), where
Oi = {x ∈ X : dist(x, xi) < η/2s}, i = 1, 2, ...,m
for some integer s ≥ 1. Let 0 < σ < 1/2s.
There exists δ > 0, a finite subset G ⊂ C(X) and a finite subset P ⊂ K(C(X))
satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero
and suppose that ψ : C(X)→ A is a unital δ-G-multiplicative contractive completely
positive linear map such that
[ψ]|P = [h]|P and µτ◦ψ(Oi) ≥ σ · η, i = 1, 2, ...,m (e 13.17)
for some homomorphism h : C(X) → A. Then, there exists a monomorphism
φ : C(X)→ A such that
ψ ≈ǫ φ on F (e 13.18)
Proof. To simplify the notation, by considering each component, without loss
of generality, we may assume X is connected finite CW complex. Let ǫ > 0 and
F ⊂ C(X) be a finite subset. Let η > 0, {x1, x2, .., xm}, σ > 0, s > 0 and Oi be as
in the statement.
Let σ1 = σ/2. Let γ > 0, G1 ⊂ C(X), δ1 > 0 ( in place of δ) and P ⊂ K(C(X))
be as required by Theorem 4.6 of [32] for ǫ/4 (instead of ǫ ), F , σ1 (in place of σ)
and η above.
We may also assume that
[L1]|P = [L2]|P
for any pair of δ1-G1-multiplicative contractive completely positive linear maps from
C(X) to (any) unital C∗-algebra B, provided that
L1 ≈δ1 L2 on G1.
Let δ2 > 0 and G ⊂ C(X) be a finite subset required in 5.9 for min{ǫ/4, δ1/2}
(in pace of ǫ) and G1 (in place of F). We may assume that δ2 < min{δ1, ǫ/4} and
G1 ∪ F ⊂ G.
Let δ = δ2/4. Let ψ be as in the statement. Without loss of generality, by
applying Lemma 5.9 (with ψ = φ) we may write that
ψ(f) ≈δ1/2 ψ1 ⊕ h0(f) for all f ∈ G1, (e 13.19)
where ψ1 : C(X) → (1 − p)A(1 − p) is a unital δ1/2-G1-multiplicative contractive
completely positive linear map and h0 : C(X) → pAp is a homomorphism with
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finite dimensional range, p is a projection with τ(1− p) < γ/2 for all τ ∈ T (A). We
may further assume that
µτ◦h0(Oi) > σ1 · η/2 = σ · η, i = 1, 2, ...,m. (e 13.20)
Note that we assume that X is connected. Fix ξX ∈ X and let YX = X \ {ξX}.
Since h0 is a homomorphism with finite dimensional range,
[h0|C0(YX )] = 0 in KL(C0(YX), A). (e 13.21)
It follows from 4.2 that there is a unital monomorphism h1 : C(X) → (1 −
p)A(1− p) such that
[h1|C0(YX )] = [h|C0(YX )]. (e 13.22)
By (e 13.19), (e 13.22) and (e 13.21),
[h1]|P = [ψ1]|P in KK(C(X), A). (e 13.23)
By applying Theorem 4.6 of [32], we obtain a unitary u ∈ A such that
adu ◦ (h1 ⊕ h0) ≈ǫ/2 ψ1 ⊕ h0 on F (e 13.24)
Put h = adu ◦ (h1 ⊕ h0). Then h is a monomorphism. We have
h ≈ǫ ψ on F . (e 13.25)

Lemma 13.7. Let X be a finite CW complex and let A be a unital separable
simple C∗-algebra with tracial rank zero. Suppose that h : C(X) → A is a unital
homomorphism with the spectrum F. Then, for any ǫ > 0 and any finite subset
F ⊂ C(X) and γ > 0, there is a projection p ∈ A with τ(1 − p) < γ for all
τ ∈ T (A) and a unital homomorphism h0 : C(Y ) → pAp with finite dimensional
range and a unital monomorphism φ : C(Y )→ (1−p)A(1−p) for a compact subset
Y which contains F and which is a finite CW complex such that
h ≈ǫ h0 ◦ s1 ⊕ φ ◦ s1 on F ,
where s1 : C(X)→ C(Y ) is the quotient map.
Proof. Let ǫ > 0, γ > 0 and let F ⊂ C(X) be a finite subset. Let η > 0
be such that |f(x) − f(x′)| < ǫ/32 whenever dist(x, x′) < 2η and for all f ∈ F . In
other words, η <
σX,ǫ/32,F
2 .
There is a finite CW complex Y such that F ⊂ Y ⊂ X and
Y ⊂ {x ∈ X : dist(x, F ) ≤ η/4}. (e 13.26)
Denote by s1 the quotient map from C(X) onto C(Y ). Suppose that Y =
⊔Ki=1Yi, where each Yi is a connected component of Y. Let E1, E2, .., EK be mutually
orthogonal projections in C(Y ) corresponding to the components Y1, Y2, ..., YK .
Define hY : C(Y ) → A such that hY ◦ s1 = h. Let {x1, x2, ..., xm} be an η/4-
dense subset of Y. By replacing x1, x2, ..., xm by points in F, we can still assume
that they are η/2-dense in Y. There is an integer s ≥ 1 for which Oi ∩ Oj = ∅
(i 6= j), where
Oi = {x ∈ Y : dim(x, xi) < η/2s}.
Note that 2η ≤ σY,ǫ/32,s1(F).
Put
σ0 = inf{µτ◦hY (Oi) : 1 ≤ i ≤ m, τ ∈ T (A)}/η.
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Since A is simple and xi ∈ F, i = 1, 2, ...,m, σ0 > 0. We may assume that m > 2.
Choose σ > 0 so small that it is smaller than σ0 and (1 − 1/m)σ0.
Let δ > 0, G, P and γ1 > 0 be as required by 4.6 of [32] for Y corresponding
to the above ǫ/4, s1(F) and σ. Let
γ2 = min{γ, γ1, σ0η/m}.
We may assume that
[L1]|P = [L2]|P
for any pair of δ-G-multiplicative contractive completely positive linear map L1, L2 :
C(Y )→ A provided that
L1 ≈δ L2 on G.
We may also assume that E1, E2, .., EK ⊂ G.
Let G1 ⊂ C(Y ) be a finite subset such that G ⊂ G1. By applying 5.3, we may
write
hY ≈δ/2 ψ ⊕ h′0 on G1, (e 13.27)
where ψ : C(Y ) → (1 − p)A(1 − p) is a unital δ-G1-multiplicative contractive
completely positive linear map and h′0 : C(Y ) → pAp is a unital homomorphism
with finite dimensional range and p ∈ A is projection in A with τ(1 − p) < γ2 for
all τ ∈ T (A).
With sufficiently large G1 and smaller δ, we may assume that
µτ◦h′0(Oi) ≥ (1− 1/m)σ0η ≥ ση
for all τ ∈ T (A), i = 1, 2, ...,m.
By (e 13.27), we may also assume that
[hY ]|P = [ψ ⊕ h′0]|P . (e 13.28)
Suppose that hY (Ei) = ei and h
′
0(Ei) = e
′
i, i = 1, 2, ...,K.
Fix a point ξi ∈ Yi and let Ωi = Yi\{ξi}. By 4.2, there is a unital monomorphism
h
(i)
00 : C(Yi)→ (ei − e′i)A(ei − e′i) such that
[h
(i)
00 |C0(Ωi)] = [hY |C0(Ωi)]. (e 13.29)
Define h00 : C(Y )→ (1− p)A(1 − p) by h00(f) =
∑K
i=1 h
(i)
00 (f |Yi) for f ∈ C(Y ). It
follows from (e 13.28) that
[h00]|P = [ψ]|P .
It follows from 4.6 of [32] that there is a unitary w ∈ A such that
h′0 ⊕ ψ ≈ǫ/4 adw ◦ (h′0 ⊕ h00) on s1(F).
Define h0 = adw ◦ h′0 and φ = adw ◦ h00.
From the above, h0 and φ satisfy the requirements.

Theorem 13.8. Let X be a connected finite CW complex and let A be a unital
separable simple C∗-algebra with tracial rank zero. Suppose that ψ1, ψ2 : C(X)→ A
are two unital monomorphisms such that
[ψ1] = [ψ2] in KL(C(X), A). (e 13.30)
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Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exists a unital homo-
morphism H : C(X)→ C([0, 1], A) such that
π0 ◦H ≈ǫ ψ1 and π1 ◦H ≈ǫ ψ2 on F . (e 13.31)
Moreover, each πt ◦H is a monomorphism and
Length({πt ◦H}) ≤ L(X) + Lp(X)2π + ǫ. (e 13.32)
Proof. Let δ > 0 and G ⊂ C(X) be a finite subset required by Theorem 3.3
of [32] (for ψ2 being the given unital monomorphism) and for ǫ/4 and F given. By
13.7 we may write that
ψ1 ≈min{ǫ/4,δ/2} h1 ⊕ h0 on G. (e 13.33)
where h1 : C(X) → (1 − p)A(1 − p) is a unital monomorphism, h0 : C(X) → pAp
is a unital homomorphism with finite dimensional range and p ∈ A is a projection
such that τ(1− p) < δ/2 for all τ ∈ T (A). By 4.3, there is a unital homomorphism
h00 : C(X)→ pAp with finite dimensional range such that
sup{|τ ◦ h00(f)− τ ◦ ψ2(f)| : f ∈ G, τ ∈ T (A)} < δ/2. (e 13.34)
Write
h0(f) =
m∑
i=1
f(xi)pi and h00(f) =
m∑
j=1
f(xj)ej for all f ∈ C(X), (e 13.35)
where xi, yj ∈ X and {p1, p2, ..., pn} and {e1, e2, ..., em} are two sets of mutually
orthogonal projections with p =
∑n
i=1 pi =
∑m
j=1 ej . It follows from 5.8 that there
is a unital commutative finite dimensional C∗-subalgebra B of pAp which contains
p1, p2, ..., pn and a set of mutually orthogonal projections {e′1, e′2, ..., e′m} such that
[e′j] = [ej ], j = 1, 2, ...,m. Define
h′00(f) =
m∑
j=1
f(xj)e
′
j for all f ∈ C(X). (e 13.36)
Note, by 12.11, there is unital homomorphism Φ1 : C(X) → C([0, 1], B) such
that
π0 ◦ Φ1 = h0 for all f ∈ C(X), π1 ◦ Φ1 = h′00 and
Length({πt ◦ Φ1}) ≤ L(X) + ǫ/2.
It follows that there is a homomorphism H1 : C(X)→ pAp such that
π0 ◦H1 = h1 ⊕ h0 on F , π1 ◦H1 = h1 ⊕ h′00 and (e 13.37)
Length({πt ◦H1}) ≤ L(X) + ǫ/2. (e 13.38)
Since [e′j ] = [ej ], j = 1, 2, ...,m, by (e 13.34),
sup{|τ ◦ (h1 ⊕ h′00)(f)− τ ◦ ψ2(f)| : τ ∈ T (A)} < δ
for all f ∈ G.
By applying Theorem 3.3 of [32], we obtain a unitary u ∈ A such that
adu ◦ (h1 ⊕ h00) ≈ǫ/4 ψ2 on F . (e 13.39)
It follows from 12.1 that we may assume that u ∈ U0(A). It follows that there is a
continuous path of unitaries {ut : t ∈ [0, 1]} of A for which
u0 = 1A, u1 = u and Length({ut}) ≤ π + ǫ
4(1 + L(X))
. (e 13.40)
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Connecting πt◦H1 with adut◦(h1⊕h00), we obtain a homomorphism H : C(X)→
C([0, 1], A) such that
π0 ◦H = h1 ⊕ h0 on F , π1 ◦H1 = adu ◦ (h1 ⊕ h00) and (e 13.41)
Length({πt ◦H}) ≤ L(X) + Lp(X)2π + ǫ. (e 13.42)
It is clear that H meets the requirements.

Theorem 13.9. Let X be a connected finite CW complex and let A be a unital
separable simple C∗-algebra with tracial rank zero. Suppose that ψ1, ψ2 : C(X)→ A
are unital homomorphisms such that
[ψ1] = [ψ2] in KL(C(X), A).
Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist two homomorphism
Hi : C(X)→ C([0, 1], A) (i = 1, 2) such that
π0 ◦H1 ≈ǫ/3 ψ1, π1 ◦H1 ≈ǫ/3 π0 ◦H2 and π1 ◦H2 ≈ǫ/3 ψ2 on F .
Moreover,
Length({πt ◦H1}) ≤ L(X) + 2πLp(X) + ǫ/2 and
Length({πt ◦H2}) ≤ L(X) + ǫ/2.
Proof. It follows from 4.2 that there is a unital monomorphism φ : C(X)→ A
such that
[φ] = [ψ1] = [ψ2] in KL(C(X), A). (e 13.43)
Let δ > 0 and G ⊂ C(X) be a finite subset required by Theorem 3.3 of [32] (for φ
being the given unital monomorphism) and for ǫ/8 and F given. By 13.7 we may
write that
ψi ≈min{ǫ/4,δ/2} hi ⊕ h(i)0 on G. (e 13.44)
where hi : C(X)→ (1−pi)A(1−pi) is a unital homomorphism, h(i)0 : C(X)→ piApi
is a unital homomorphism with finite dimensional range and pi ∈ A is a projection
such that τ(1 − pi) < δ/2 for all τ ∈ T (A), i = 1, 2. By 4.3, there is a unital
homomorphism h
(i)
00 : C(X)→ piApi with finite dimensional range such that
sup{|τ ◦ h(i)00 (f)− τ ◦ φ(f)| : f ∈ G, τ ∈ T (A)} < δ/2. (e 13.45)
By applying 5.8, 12.11 and the proof of 13.8, without loss of generality, we may
assume that there is unital homomorphism Φi : C(X)→ C([0, 1], piApi) such that
π0 ◦ Φi(f) = h(i)0 , π1 ◦ Φi = h(i)00 and
Length({πt ◦ Φi}) ≤ L(X) + ǫ/4.
It follows that there is a unital homomorphism H ′i : C(X)→ C([0, 1], A) such that
π0 ◦H ′i = hi ⊕ h(i)0 , π1 ◦H ′i = hi ⊕ h(i)00 and (e 13.46)
Length({πt ◦H ′i}) ≤ L(X) + ǫ/4. (e 13.47)
Note that
sup{|τ ◦ (hi ⊕ h(i)00 )(f)− τ ◦ φ(f)| : τ ∈ T (A)} < δ
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for all f ∈ G. By applying Theorem 3.3 of [32], we obtain a unitary u ∈ A such
that
adu ◦ (h1 ⊕ h(1)00 ) ≈ǫ/4 h2 ⊕ h(2)00 on F . (e 13.48)
It follows from 12.1 that we may assume that u ∈ U0(A). It follows that there is a
continuous path of unitaries {ut : t ∈ [0, 1]} of A for which
u0 = 1A, u1 = u and Length({ut}) ≤ π + ǫ
8(1 + L(X)
. (e 13.49)
Connecting πt◦H ′1 with adut◦(h1⊕h(1)00 ), we obtain a homomorphism H1 : C(X)→
C([0, 1], A) such that
π0 ◦H1 = h1 ⊕ h(1)0 , π1 ◦H1 ≈ǫ/4 h2 ⊕ h(2)00 on F and (e 13.50)
Length({πt ◦H1}) ≤ L(X) + Lp(X)2π + ǫ. (e 13.51)
Define H2 by πt◦H ′2 = π1−t◦H ′2. It is clear that H1 and H2 meets the requirements.

14. Approximate homotopy for approximately multiplicative maps
Theorem 14.1. Let X be a compact metric space, let ǫ > 0 and let F ⊂ C(X) be
a finite subset. Then there exits δ > 0, a finite subset G ⊂ C(X) and a finite subset
P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable purely infinite simple C∗-algebra and sup-
pose that ψ1, ψ2 : C(X) → A are two δ-G-multiplicative and 1/2-G-injective con-
tractive completely positive linear maps. If
[ψ1]|P = [ψ2]|P , (e 14.1)
then there exists an ǫ-F-multiplicative contractive completely positive linear maps
H1 : C(X)→ C([0, 1], A) such that
π0 ◦H ≈ǫ ψ1, π1 ◦H ≈ǫ ψ2 on F .
Moreover,
Length({πt ◦H}) ≤ 2π + ǫ (e 14.2)
Length({πt ◦H}) ≤ 2πLp(X) + ǫ (e 14.3)
Proof. Let ǫ > 0 and let F ⊂ C(X) be a finite subset. It follows from 10.3,
2.23 and 10.1 that, for a choice of δ, G and P as in the statement of the theorem,
there exists a uniatry u ∈ A and there exists a projection p ∈ A such that
adu ◦ ψ1(f) ≈ǫ/2 ψ2(f) and ψ2(f) ≈ǫ/2 (1− p)ψ2(f)(1− p) + f(ξ)p (e 14.4)
for f ∈ F and for some ξ ∈ X). As in the proof 12.1, one finds a unitary w ∈ pAp
with [1 − p + w] = [u] in K1(A). Thus (by replacing ǫ/2 by ǫ), we may assume
that u ∈ U0(A). We then, by a result of N. C. Phillips, obtain a continuous path of
unitaries {ut : t ∈ [0, 1]} such that
u0 = 1, u1 = u and Length({ut}) ≤ π + ǫ
4(1 + L(X))
.
Define H : C(X)→ C([0, 1]) by πt ◦H = adut ◦ h1 for t ∈ [0, 1].
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
Theorem 14.2. Let X be a a connected finite CW complex, let ǫ > 0 and let
F ⊂ C(X) be a finite subset. Then there exits δ > 0, a finite subset G ⊂ C(X) and
a finite subset P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable purely infinite simple C∗-algebra and sup-
pose that ψ1, ψ2 : C(X) → A are two δ-G-multiplicative contractive completely
positive linear maps. If
[ψ1]|P = [ψ2]|P , (e 14.5)
then there exist two ǫ-F-multiplicative contractive completely positive linear maps
H1, H2 : C(X)→ C([0, 1], A) such that
π0 ◦H1 ≈ǫ/3 ψ1, π1 ◦H1 ≈ǫ/3 π0 ◦H2 and
π1 ◦H2 ≈ǫ/3 ψ2 on F .
Moreover,
Length({πt ◦H1}) ≤ L¯p(X)(1 + 2π) + ǫ and (e 14.6)
Length({πt ◦H2}) ≤ L¯p(X) + ǫ. (e 14.7)
Proof. Fix ǫ > 0 and fix a finite subset F ⊂ C(X).
Let δ1 > 0 and let G1 ⊂ C(X) be a finite subset and let P ⊂ K(C(X)) be a
finite subset required by 10.3 for ǫ/4 and F . We may assume that
[L1]|P = [L2]|P
for any pair of δ1-G1-multiplicative contractive completely positive linear maps
L1, L2 : C(X)→ A, provided that
L1 ≈δ1 L2 on G1.
Let δ2 > 0 and a finite subset G2 ⊂ C(X) required by 10.1 corresponding to the
finite subset G1 and positive number min{ǫ/6, δ1/2}.
Choose δ = min{δ1, δ2, ǫ/6} and G = G1 ∪ G2 ∪ F .
Now suppose that ψ1 and ψ2 are as in the statement with above δ, G and P .
We may write
ψi ≈min{δ1/2,ǫ/6} φi ⊕ hi on G1,
where φi : C(X) → (1 − pi)A(1 − pi) is a δ1/2-G1-multiplicative contractive com-
pletely positive linear map and hi : C(X) → piApi is defined by hi(f) = f(ξi)pi
for all f ∈ C(X), where ξi ∈ X is a point and pi is a non-zero projection, i = 1, 2.
It is clear that we may assume that [pi] = 0 in K0(A). There are x1, x2, ..., xm in
X such that
max{‖g(xi)‖ : i = 1, 2, ...,m} ≥ (3/4)‖g‖ for all g ∈ G1. (e 14.8)
There are non-zero mutually orthogonal projections pi,1, pi,2, ..., pi,m in piApi such
that [pi,k] = 0, k = 1, 2, ...,m, and pi =
∑m
k=1 pi,k, i = 1, 2.
Define h
(i)
0 (f) =
∑m
k=1 f(xk)pi,k for f ∈ C(X). Note that
[h
(i)
0 ] = 0 in KL(C(X), A).
By 12.11, there is homomorphism H ′i : C(X)→ C([0, 1], piApi) such that
π0 ◦H ′i = hi and π1 ◦H ′i = h(i)0 , i = 1, 2. (e 14.9)
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Moreover, we can require that
Length({πt ◦H ′i}) ≤ L(X, ξi) + ǫ/4, i = 1, 2. (e 14.10)
It follows from e 14.8 that φi ⊕ h(i)0 is δ1-G1-multiplicative and 1/2-G1-injective.
Thus, by 10.3 there exists a unitary u ∈ A such that
adu ◦ (φ1 ⊕ h(1)0 ) ≈ǫ/3 φ2 ⊕ h(2)0 on F . (e 14.11)
It follows from 12.1 that we may assume that u ∈ U0(A). Thus we obtain a contin-
uous rectifiable path {ut : t ∈ [0, 1]} of A such that
u0 = 1A, u1 = u and (e 14.12)
Length({ut}) ≤ π + ǫ
4(1 + L(X))
.
Define H1 : C(X)→ C([0, 1], A) by
πt ◦H1 =
{
φ1 ⊕ π2t ◦H ′1 if t ∈ [0, 1/2];
adu2(t−1/2) ◦ (φ1 ⊕ h(1)0 )}) if t ∈ (1/2, 1].
Then
π0 ◦H1 = φ1 ⊕ h1, π1 ◦H1 ≈ǫ/3 φ2 ⊕ h(2)0 on F . (e 14.13)
Moreover,
Length({πt ◦H1}) ≤ L(X, ξ1)(1 + 2π) + ǫ. (e 14.14)
We then define H2 : C(X)→ C([0, 1], A) by πt ◦H2 = π1−t ◦H ′′2 . We see that
H1 and H2 meet the requirements of the theorem. 
Theorem 14.3. Let X be a metric space which is a connected finite CW complex,
let ǫ > 0 and let F ⊂ C(X) be a finite subset. Then there exists δ > 0, a finite
subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero
and suppose ψ1, ψ2 : C(X)→ A are two unital δ-G-multiplicative contractive com-
pletely positive linear maps. If
[ψ1]|P = [ψ2]|P , (e 14.15)
then there exist two ǫ-F-multiplicative contractive completely positive linear maps
H1, H2 : C(X)→ C([0, 1], A) such that
π0 ◦H1 ≈ǫ/3 ψ1, π1 ◦H1 ≈ǫ/3 π1 ◦H2, and (e 14.16)
π0 ◦H2 ≈ǫ/3 ψ2 on F . (e 14.17)
Moreover,
Length({πt ◦H1}) ≤ L(X) + 2πL¯p(X) + ǫ and (e 14.18)
Length({πt ◦H2}) ≤ L(X) + ǫ. (e 14.19)
Proof. Fix ǫ > 0 and fix a finite subset F ⊂ C(X). Let η = σX,ǫ/32,F . Suppose
that {x1, x2, ..., xm} is η/2-dense in X. There is s ≥ 1 such that Oi ∩Oj = ∅, where
Oi = {x ∈ X : dist(x, xi) < η/2s}, i = 1, 2, ...,m.
Put σ = 1(2sm+1) .
Let δ1 (in place of δ), γ > 0, G1 (in place of G) and P ⊂ K(C(X)) be as required
by Theorem 4.6 of [32] for ǫ/6 (in place of ǫ) and F and σ. We also assume that
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2mση < 1 − γ. We may assume that δ < ǫ and F ⊂ G. Furthermore, we assume
that
[L1]|P = [L2]|P
for any pair of δ1-G2-multiplicative contractive completely positive linear maps
L1, L2 : C(X)→ A, provided that
L1 ≈δ1 L2 on G1.
Let δ and G be as in 5.9 corresponding min{δ1/2, ǫ/3} ( instead of ǫ) and G1
(instead of G) and γ/2.
Let A be a unital separable simple C∗-algebra with tracial rank zero and
ψ1, ψ2 : C(X)→ A be as described. By 5.9, we may write
ψi ≈min{δ1/2,ǫ/6} φi ⊕ hi on G1 (i = 1, 2), (e 14.20)
where φi : C(X)→ (1−pi)A(1−pi) is a unital contractive completely positive linear
map and hi : C(X) → piApi is a unital homomorphism with finite dimensional
range.
Note that we assume that p1 and p2 are unitarily equivalent and
τ(1 − pi) < γ/2 for all τ ∈ T (A), i = 1, 2. (e 14.21)
There are non-zero mutually orthogonal projections pi,1, pi,2, ..., pi,m ∈ piApi
such that
∑m
k=1 pi,k = pi and
τ(pi,k) ≥ 1− γ/2
m+ 1
, k = 1, 2, ...,m and i = 1, 2. (e 14.22)
Since [p1] = [p2], we also require that
[p1,k] = [p2,k], k = 1, 2, ...,m. (e 14.23)
Define h
(i)
0 : C(X)→ piApi by
h
(i)
0 (f) =
m∑
k=1
f(xk)pi,k for all f ∈ C(X), i = 1, 2.
By 5.8, without loss of generality, we may assume that there is a unital commutative
finite dimensional C∗-subalgebra Bi ⊂ piApi such that hi(C(X)), h(i)0 (C(X)) ⊂ Bi,
i = 1, 2.
It follows from 12.11 that there is homomorphism H ′i : C(X) → piApi such
that
π0 ◦H ′i = hi, π1 ◦H ′i = h(i)0 and (e 14.24)
Length({πt ◦H ′i}) ≤ L(X) + ǫ/4, i = 1, 2. (e 14.25)
Note that, since X is path connected,
[h1] = [h
(1)
0 ] = [h
(2)
0 ] = [h2] in KL(C(X), A). (e 14.26)
It follows from (e 14.15), (e 14.20) as well as (e 14.26) that
[ψ1 ⊕ h(1)0 ]|P = [ψ2 ⊕ h(2)0 ]|P (e 14.27)
We also have that
µ
τ◦(ψi⊕h
(i)
0 )
(Ok) ≥ τ(pi,k) ≥ ση (e 14.28)
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for all τ ∈ T (A), k = 1, 2, ...,m, i = 1, 2. Moreover,
|τ(φ1 ⊕ h(1)0 )(f)− τ(φ2 ⊕ h(2)0 )(f)| < γ (e 14.29)
for all τ ∈ T (A) and all f ∈ G1.
Thus, by Theorem 4.6 of [32] there exists a unitary u ∈ A such that
adu ◦ (φ1 ⊕ h(1)0 ) ≈ǫ/6 φ2 ◦ h(2)0 on F . (e 14.30)
By 12.1, we may assume that u ∈ U0(A). Thus we obtain a continuous rectifiable
path {ut : t ∈ [0, 1]} of A such that
u0 = 1A, u1 = u and (e 14.31)
Length({ut}) ≤ π + ǫ
4(1 + L(X))
. (e 14.32)
Define H1 : C(X)→ C([0, 1], A) by
πt ◦H1 =
{
φ1 ⊕ π2t ◦H ′1 if t ∈ [0, 1/2];
adu2(t−1/2) ◦ (φ1 ⊕ h(1)0 )}) if t ∈ (1/2, 1].
Then
π0 ◦H1 = φ1 ⊕ h1, π1 ◦H1 ≈ǫ/3 φ2 ⊕ h(2)0 on F . (e 14.33)
Moreover,
Length({πt ◦H1}) ≤ L(X) + 2πL(X, ξ1) + ǫ. (e 14.34)
We then define H2 : C(X)→ C([0, 1], A) by πt ◦H2 = π1−t ◦H ′′2 . We see that
H1 and H2 meet the requirements of the theorem.

Remark 14.4. It should be noted that results in this section are not generalization
of those in the previous section. It is important to know that πt ◦Hi in Theorem
14.2 and those in Theorem 14.3 are not homomorphisms, while πt ◦Hi in 13.9 and
13.5 are unital homomorphisms. Furthermore, πt ◦H in 13.8 and 13.3 are unital
monomorphisms.

CHAPTER 5
Super Homotopy
15. Super Homotopy Lemma — purely infinite case
In this section and the next we study the so-called Super Homotopy Lemma of
[2] for higher dimensional spaces.
Theorem 15.1. Let X be a path connected metric space and let F ⊂ C(X) be a
finite subset.
Then, for any ǫ > 0, there exists δ > 0, a finite subset G ⊂ C(X) and a finite
subset P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable purely infinite simple C∗-algebra and sup-
pose that h1, h2 : C(X)→ A are two unital monomorphisms such that
[h1] = [h2] in KL(C(X), A). (e 15.1)
If there are unitaries u, v ∈ A such that
‖[h1(f), u]‖ < δ, ‖[h2(f), v]‖ < δ for all f ∈ G and (e 15.2)
Bott(h1, u)|P = Bott(h2, v)|P , (e 15.3)
then there exists a unital monomorphism H : C(X)→ C([0, 1], A) and there exists
a continuous rectifiable path {ut : t ∈ [0, 1]} such that, for each t ∈ [0, 1], πt ◦H is
a unital monomorphism,
u0 = u, u1 = v, π0 ◦H ≈ǫ h1 and π1 ◦H ≈ǫ h2 on F (e 15.4)
and
‖[ut, πt ◦H(f)]‖ < ǫ (e 15.5)
for all t ∈ [0, 1] and for all f ∈ F . Moreover,
Length({πt ◦H}) ≤ 2π + ǫ
8(1 + L(X)
, (e 15.6)
Length({πt ◦H}) ≤ 2πLp(X) + ǫ and (e 15.7)
Length({ut}) ≤ 4π + ǫ. (e 15.8)
Proof. Let ǫ > 0 and let F ⊂ C(X) be a finite subset. We may assume that
1C(X) ∈ F . Put
ǫ1 = min{ǫ/8, 2 sin(ǫ/16)}.
Let G0 ⊂ C(X × S1) be a finite subset, P1 ⊂ K(C(X × S1)) be a finite subset,
δ1 > 0 be a positive number associated with ǫ1/2, and F ⊗ S ⊂ C(X × S1) as
required by 10.3, where S = {1C(S1), z} ⊂ C(S1). By choosing even smaller δ1, we
may assume that G0 = G1 ⊗ S. Let P2 = (id− βˆ)(P1) ∪ βˆ(P1).
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We may also assume that δ1 < ǫ1 and F ⊂ G1. Moreover, we may further
assume that
[L1]|P1∪P2 = [L2]|P1∪P2
for any pair of δ1-G0-multiplicative unital contractive completely positive linear
maps L1, L2 : C(X ⊗ S1)→ A, provided that
L1 ≈δ1 L2 on G0.
Let δ2 > 0 and let G2 be a finite subset required by 11.2 corresponding to G1 (in
place of F) and δ1/2 (in place of ǫ). We may assume that δ2 < δ1/2 and G1 ⊂ G2.
Let δ > 0 and let G ⊂ C(X) (in place of F1) be a finite subset required in 2.8
for δ2/2 ( in place of ǫ) and G2 (in place of F).
Let P ∈ K(C(X)) be a finite subset such that β(P) ⊃ βˆ(P1). Now suppose
that h1, h2 and u and v are in the statement of the theorem with the above δ, G
and P .
By 2.8, there are δ2/2-G2 ⊗ S-multiplicative unital contractive completely pos-
itive linear maps ψ1, ψ2 : C(X)→ A such that
‖ψ1(f ⊗ g)− h1(f)g(u)‖ < δ2/2 and (e 15.9)
‖ψ2(f ⊗ g)− h2(f)g(v)‖ < δ2/2 (e 15.10)
for all f ∈ G2 and g ∈ S.
By applying 11.2, we obtain two continuous paths of unitaries {wi,t : t ∈ [0, 1]}
in A and two unital monomorphisms Φi : C(X × S1)→ A such that
w1,0 = u, w2,0 = v, wi,1 = Φi(1⊗ z), (e 15.11)
‖Φi(f ⊗ 1)− hi(f)‖ < δ1/2 and ‖[hi(f), wi,t]‖ < δ1/2 (e 15.12)
for all f ∈ G1 and all t ∈ [0, 1], i = 1, 2. Moreover,
Length({wi,t}) ≤ π + ǫ/8. (e 15.13)
It follows from (e 15.1), (e 15.3), (e 15.9), (e 15.10) and 2.7 that
[Φ1]|P2 = [Φ2]|P2 . (e 15.14)
Since Φ1 and Φ2 are homomorphisms, we have
[Φ1]|P1 = [Φ2]|P1 . (e 15.15)
It follows from 10.3 that there is a unitary U ∈ A such that
adU ◦ Φ1 ≈ ǫ1
2
Φ2 for all f ∈ F ⊗ S. (e 15.16)
By 12.1, we may assume that U ∈ U0(A) ( by replacing ǫ1/2 by ǫ1). It follows that
there is a continuous path of unitaries {Ut : t ∈ [0, 1]} such that
U0 = 1, U1 = U and Length({Ut}) ≤ π + ǫ
8(1 + L(X))
. (e 15.17)
By (e 15.16), there exists a ∈ As.a such that ‖a‖ ≤ ǫ/8 such that
(ad (U ◦ Φ1(1⊗ z))∗Φ2(1⊗ z) = exp(ia). (e 15.18)
Moreover
‖ exp(ita)− 1‖ < ǫ/8 for all t ∈ [0, 1]. (e 15.19)
Put zt = adU ◦ Φ1(1⊗ z) exp(ita). Then
z0 = adU ◦ Φ1(1 ⊗ z), z1 = Φ2(1 ⊗ z) and (e 15.20)
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Length({zt}) ≤ ǫ/8. (e 15.21)
Define ut as follows
ut =

w1,3t if t ∈ [0, 1/3];
U∗3(t−1/3)Φ1(1⊗ z)U3(t−1/3) if t ∈ (1/3, 2/3];
z6(t−2/3) if t ∈ (2/3, 5/6];
w2,3(2/3−t) if t ∈ (5/6, 1]
Define H : C(X ⊗ S1)→ A by
πt ◦H =

h1 if t ∈ [0, 1/3];
adU3(t−1/3) ◦ h1 if t ∈ (1/3, 2/3];
adU1 ◦ h1 if t ∈ (2/3, 1]
We compute that
Length({ut}) ≤ 2π + 2ǫ/8 + 2π + 2ǫ/8 + ǫ/8 < 4π + ǫ and (e 15.22)
Length({πt ◦H}) ≤ 2π + ǫ
4(1 + L(X, ξX)
. (e 15.23)
In particular, by 12.8,
Length({πt ◦H}) ≤ 2πLp(X) + ǫ/4. (e 15.24)
It follows from (e 15.12) and (e 15.19) that
‖[πt ◦H(f), ut]‖ < 2(δ1/2) + δ1/2 + 2(ǫ/8) < ǫ for all f ∈ F . (e 15.25)
We see that {ut : t ∈ [0, 1]} and H meet the requirements.

Theorem 15.2. Let X be a connected metric space and let F ⊂ C(X) be a finite
subset.
Then, for any ǫ > 0, there exists δ > 0, a finite subset G ⊂ C(X) and a finite
subset P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable purely infinite simple C∗-algebra and sup-
pose that h1, h2 : C(X)→ A are two unital homomorphisms such that
[h1] = [h2] in KL(C(X), A). (e 15.26)
If there are unitaries u, v ∈ A such that
‖[h1(f), u]‖ < δ, ‖[h2(f), v]‖ < δ for all f ∈ G and (e 15.27)
Bott(h1, u)|P = Bott(h2, v)|P , (e 15.28)
then there exist two unital homomorphisms H1, H2 : C(X) → C([0, 1], A) and a
continuous rectifiable path {ut : t ∈ [0, 2]} such that, for each t ∈ [0, 1], πt ◦H is a
unital homomorphism,
u0 = u, u2 = v, (e 15.29)
π0 ◦H1 ≈ǫ h1, π1 ◦H1 ≈ǫ π0 ◦H2 and π1 ◦H1 ≈ǫ h2 on F , (e 15.30)
‖[ut, πt ◦H1(f)]‖ < ǫ and (e 15.31)
‖[u1+t, πt ◦H2(f)]‖ < ǫ for all t ∈ [0, 1] (e 15.32)
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and for all f ∈ F . Moreover,
Length({πt ◦H1 : t ∈ [0, 1/2]}) ≤ L¯p(X) + ǫ/2,
Length({πt ◦H1 : t ∈ [1/2, 1]}) ≤ 2π + ǫ
8(1 + L(X))
, (e 15.33)
Length({πt ◦H1}) ≤ L¯p(X) + 2πLp(X) + ǫ, (e 15.34)
Length({πt ◦H2}) ≤ L¯p(X) + ǫ and (e 15.35)
Length({ut}) ≤ 4π + ǫ. (e 15.36)
Proof. Let ǫ > 0 and let F ⊂ C(X) be a finite subset. We may assume that
1C(X) ∈ F and F is in the unit ball of C(X). Put
ǫ1 = min{ǫ/8, sin(ǫ/16)}.
Let G0 ⊂ C(X × S1) be a finite subset, P1 ⊂ K(C(X × S1)) be a finite subset,
δ1 > 0 be a positive number associated with ǫ1/2 and F ⊗ S ⊂ C(X × S1) as
required by 10.3, where S = {1C(S1), z} ⊂ C(S1). By choosing even smaller δ1, we
may assume that G0 = G1 ⊗ S. Let P2 = (id− βˆ)(P1) ∪ βˆ(P1).
We may also assume that δ1 < ǫ1 and F ⊂ G1. Moreover, we may further
assume that
[L1]|P1∪P2 = [L2]|P1∪P2
for any pair of δ1-G0-multiplicative unital contractive completely positive linear
maps L1, L2 : C(X ⊗ S1)→ A, provided that
L1 ≈δ1 L2 on G0.
Let δ2 > 0 and let G2 ⊂ C(X) be a finite subset required by 5.5 for δ1/4 (in
place of ǫ) and G0. We may assume that δ2 < δ1/4 and G0 ⊂ G2.
Let δ > 0 and let G ⊂ C(X) ( in place of F) be a finite subset required in 2.8
for δ2/2 ( in place of ǫ) and G2 (in place of F).
Let P ∈ K(C(X)) be a finite subset such that β(P) ⊃ βˆ(P1).
Now suppose that h1, h2 and u and v are in the statement of the theorem
with the above δ, G and P . Suppose that the spectrum of hi is Fi, i = 1, 2. Let
si : C(X)→ C(Fi) be the quotient map, i = 1, 2. Define h¯i : C(Fi)→ A such that
h¯i ◦ si = hi, i = 1, 2.
Let ηi > 0, let G(i)3 ⊂ C(Fi) be a finite subset and let P(i)2 ⊂ K(C(Fi)) be
a finite subset required by 10.4 corresponding to si(G1) (in place of F) and δ1/4
which work for Fi, i = 1, 2. We may assume that ηi < δ1/4 and si(G2) ⊂ G(i)3 ,
i = 1, 2.
Wemay further assume that [L(i)]|
P
(i)
2
is well defined for any ηi-G(i)3 -multiplicative
contractive completely positive linear map L(i) : C(Fi) → A. Put η = min{η1, η2}
and let G3 ⊂ C(X) be a finite subset such that si(G3) ⊃ G(i)3 , i = 1, 2.
By 2.8, there are δ2/2-G2 ⊗ S-multiplicative unital contractive completely pos-
itive linear maps ψ1, ψ2 : C(X)→ A such that
‖ψ1(f ⊗ g)− h1(f)g(u)‖ < δ2/2 (e 15.37)
for all f ∈ G2 and g ∈ S, and
‖ψ2(f ⊗ g)− h2(f)g(v)‖ < δ2/2 (e 15.38)
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for all f ∈ G2 and g ∈ S.
By applying 5.5 (and see the remark 5.6), there is a nonzero projection pi ∈ A
and ξi ∈ Fi ⊂ X and ti ∈ S1 (i = 1, 2) such that
‖h1(f)g(u)− ((1− p1)h1(f)g(u)(1− p1) + f(ξ1)g(t1)p1)‖ < δ1/4 (e 15.39)
‖h2(f)g(v)− ((1− p2)h2(f)g(v)(1 − p2) + f(ξ2)g(t1)p2)‖ < δ1/4 (e 15.40)
for all f ∈ G1 and g ∈ S,
‖hi(f)− ((1 − p)hi(f)(1− p) + f(ξi)pi)‖ < η/2 for all f ∈ G3, (e 15.41)
i = 1, 2. Moreover, we may assume that (1 − pi)h¯i(1 − pi) is ηi-G(i)3 -multiplicative,
i = 1, 2. Furthermore, there are unitaries wi ∈ (1− pi)A(1− pi) (i = 1, 2) such that
‖u− w1 ⊕ t1p1‖ < δ1/2 and ‖v − w2 ⊕ t2p2‖ < δ1/2. (e 15.42)
(Note that ηi and G(i)3 can be chosen, which depend on Fi among other things, after
δ and G are chosen, thanks to 5.5.)
By replacing pi by a non-zero sub-projection, we may assume that [pi] = 0 in
K0(A) (see 5.6) and (1− pi)h¯i(1 − pi) is 1/2-G(i)3 -injective.
It follows that
[(1− p)h¯i(1− p)]|P(i)2 = [h¯i]|P(i)2 , i = 1, 2. (e 15.43)
It follows from 10.4 that there is a unital homomorphism h′i : C(X)→ (1−pi)A(1−
pi) (with spectrum Fi) such that
h′i ≈δ1/4 (1− pi)hi(1− pi) on G1. (e 15.44)
Let {x1, x2, ..., xm} ⊂ X and {ζ1, ζ2, ..., ζk} ⊂ S1 such that
max{‖f(xj × ζl)‖ : 1 ≤ j ≤ m, 1 ≤ l ≤ k} ≥ (3/4)‖f‖ for all f ∈ G0. (e 15.45)
There are mutually orthogonal non-zero projections {e(i)j,l : 1 ≤ j ≤ m and 1 ≤ l ≤
k} in piApi such that∑
j,l
e
(i)
j,l = pi and [e
(i)
j,l ] = 0 in K0(A),
i = 1, 2. Define h
(i)
00 : C(X × S1)→ piApi by
h
(i)
00 (f) =
∑
j,l
f(xj × ζl)e(i)j,l for all f ∈ C(X × S1). (e 15.46)
It follows from 12.11 that there is a unital homomorphism Φi : C(X × S1) →
C([0, 1], piApi) such that
π0 ◦ Φi(f) = f(ξi × ti)pi and π1 ◦ Φi(f) = h(i)00 (f) (e 15.47)
for all f ∈ C(X × S1) and
Length({πt ◦ Φi|C(X)⊗1}) ≤ L¯p(X) + ǫ/4 (e 15.48)
Length({πt ◦ Φi(1 ⊗ z)}) ≤ π, (e 15.49)
i = 1, 2.
Now (1 − p1)ψ1(1 − p1) ⊕ h(1)00 and (1 − p2)ψ2(1 − p2) ⊕ h(2)00 are both δ1/2-
G1 ⊗ S-multiplicative, by (e 15.37), (e 15.38), (e 15.39) and (e 15.40), and are both
1/2-G0-injective, by (e 15.45). Put L′i = (1− p1)ψ1(1− p1)⊕ h(1)00 , i = 1, 2.
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Moreover, since [pi] = 0 in K0(A) and [h
(i)
00 ] = 0 in KL(C(X), A), by the
assumption of δ1 and G0, and by the assumption (e 15.26) and (e 15.28),
[L′1]|P1 = [L′2]|P1 .
It follows from 10.3 that there is a unitary U ∈ A such that
adU ◦ L′1 ≈ǫ1/2 L′2 on F ⊗ S. (e 15.50)
By 12.1, without loss of generality, we may assume that U ∈ U0(A), by replacing
ǫ1/2 by ǫ1 above. It follows that we obtain a continuous path of unitaries
{Ut : t ∈ [0, 1]} such that
U0 = 1, U1 = U and Length({Ut}) ≤ π + ǫ
8(1 + L(X))
. (e 15.51)
By (e 15.50), there exists a ∈ As.a such that ‖a‖ ≤ ǫ/8 such that
(U∗(w1 ⊕ h(1)00 (1⊗ z))U)∗(w2 ⊕ h(2)00 (1⊗ z)) = exp(ia). (e 15.52)
Moreover
‖ exp(ita)− 1‖ < ǫ/8 for all t ∈ [0, 1]. (e 15.53)
Put zt = U
∗(w1 ⊕ h(1)00 (1⊗ z))U exp(ita). Then
z0 = U
∗(w1 ⊕ (1⊗ z))U, z1 = w2 ⊕ h(2)00 (1 ⊗ z) and (e 15.54)
Length({zt}) ≤ ǫ/8. (e 15.55)
Similarly, by (e 15.42), we obtain two continuous paths of unitaries {V1,t : t ∈ [0, 1]}
of A such that
V1,0 = u, V2,0 = v, Vi,1 = wi ⊕ tipi, Length({Vi,t}) ≤ ǫ/8 and (e 15.56)
‖Vi,t − 1‖ < ǫ/8. (e 15.57)
Define ut as follows
ut =

V1,4t if t ∈ [0, 1/4];
w1 ⊕ π4(t−1/4)Φ1(1 ⊗ z) if t ∈ (1/4, 1/2];
U∗2(t−1/2)(w1 ⊕ Φ1(1⊗ z))U2(t−1/2) if t ∈ (1/2, 1];
z2(t−1) if t ∈ (1, 3/2];
w2 ⊕ π4(7/4−t) ◦Φ2(1⊗ z) if t ∈ (3/2, 7/4];
V2,4(2−t) if t ∈ (7/4, 2] .
Define H1 : C(X)→ A by
πt ◦H1 =

h′1 ⊕ π0 ◦ Φ1|C(X)⊗1 if t ∈ [0, 1/4];
h′1 ⊕ π4(t−1/4) ◦ Φ1|C(X)⊗1 if t ∈ (1/4, 1/2];
adU2(t−1/2) ◦ (h′1 ⊕ Φ1|C(X)⊗1) if t ∈ (1/2, 1] .
and define H2 : C(X)→ C([0, 1], A) by
πt ◦H2 =

h′2 ⊕ h(2)00 if t ∈ [1, 3/2];
h′2 ⊕ π4(7/4−t) ◦ Φ2|C(X)⊗1 if t ∈ (3/2, 7/4];
h′2 ⊕ π0 ◦ Φ2|C(X)⊗1 if t ∈ (7/4, 2] .
15. SUPER HOMOTOPY LEMMA — PURELY INFINITE CASE 105
We compute that
Length({ut}) ≤ ǫ/8 + π + 2π + ǫ/8 + π + ǫ/8 < 4π + ǫ, (e 15.58)
Length({πt ◦H1 : t ∈ [0, 1/2]}) ≤ ǫ/8 + L¯p(X) + ǫ/4 and (e 15.59)
Length({πt ◦H1 : t ∈ [1/2, 1]}) ≤ 2π + ǫ
8(1 + L(X)
. (e 15.60)
Therefore (by 12.8)
Length({πt ◦H1}) ≤ L¯p(X) + 2πLp(X) + ǫ/2. (e 15.61)
Moreover,
Length({πt ◦H2}) ≤ L¯p(X) + ǫ/4. (e 15.62)
It follows from (e 15.53), (e 15.57), (e 15.42) and the construction that
‖[πt ◦H1(f), ut]‖ < ǫ for all f ∈ F and t ∈ [0, 1], (e 15.63)
and
‖[πt ◦H2, u1+t]‖ < ǫ for all f ∈ F and t ∈ [0, 1]. (e 15.64)
It is then easy to check that {ut : t ∈ [0, 2]}, H1 and H2 meet the requirements.

The following is an improved version of the original Super Homotopy Lemma
of [2] for purely infinite simple C∗-algebras. One notes that length of {Ut} and
that of {Vt} are considerably shortened.
Corollary 15.3. For any ǫ > 0, there exists δ > 0 satisfying the following: Suppose
that A is a unital purely infinite simple C∗-algebra and u1, u2, v1, v2 ∈ U(A) are four
unitaries. Suppose that
‖[u1, v1]‖ < δ, ‖[u2, v2]‖ < δ,
[u1] = [u2], [v1] = [v2] and bott1(u1, v1) = bott1(u2, v2).
Then there exist two continuous paths of unitaries {Ut : t ∈ [0, 1]} and {Vt : t ∈
[0, 1]} of A such that
U0 = u1, U1 = u2, V0 = v1, V1 = v2,
‖[Ut, Vt]‖ < ǫ for all t ∈ [0, 1] and
Length({Ut}) ≤ 4π + ǫ and Length({Vt}) ≤ 4π + ǫ.
Moreover, if sp(u1) = sp(u2) = S
1, then the length of {Ut} can be shortened to
2π + ǫ.
Proof. When sp(u1) = sp(u2) = S
1, the corollary follows immediately from
Theorem 15.1. Here X = S1. The subset F should contain 1C(X) and z. Note that
the function z has the Lipschitz constant D¯z = 1. Note also that if we take {ut} for
{Vt} and Ut = πt ◦H(z⊗ 1), then the pair will almost do the job. It is standard to
bridge the ends of the path to u1 and u2 within an arbitrarily small error (both in
norm and length).
For the general case, we apply Theorem 15.2. Note again that it is standard to
bridge the the arbitrarily small gap between two paths of unitaries. 
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16. Super Homotopy Lemma — finite case
Lemma 16.1. Let X be a finite CW complex and F ⊂ C(X) be a finite subset.
Let ǫ > 0 and γ > 0, there exits δ > 0 and a finite subset G ⊂ C(X) satisfying the
following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero
and that h : C(X) → A is a unital homomorphism and u ∈ A is a unitary such
that
‖[h(g), u]‖ < δ for all g ∈ G. (e 16.1)
Then, there is a projection p ∈ A, a unital homomorphism h1 : C(X) → (1 −
p)A(1− p), a unital homomorphism Φ : C(X ⊗ S1)→ pAp with finite dimensional
range and a unitary v ∈ (1 − p)A(1− p) such that
‖u− v ⊕ Φ(1⊗ z)‖ < ǫ, ‖[v, h1(f)]‖ < ǫ,
‖h(f)− (h1(f)⊕ Φ(f ⊗ 1))‖ < ǫ (e 16.2)
for all f ∈ F and
τ(1 − p) < γ for all τ ∈ T (A). (e 16.3)
Proof. Let ǫ > 0, γ > 0 and a finite subset F ⊂ C(X) be given. We may
assume that 1C(X) ∈ F .
Let δ > 0 and a finite subset G ⊂ C(X) be as required by 5.4 corresponding to
ǫ/4 and γ/2 and F1.
We may assume that F ⊂ G and δ < ǫ/16.
Let η1 = σX,ǫ/32,F . We may assume that η1 < 1. Now suppose that h and u
are in the statement of the lemma for the above δ and G. Suppose that F ⊂ X is
the spectrum of h.
Let {x1, x2, ..., xn} ⊂ F be an η1/4-dense subset. Suppose that Oi∩Oj = ∅ for
i 6= j, where
Oi = {x ∈ X : dist(x, xi) < η1/2s}, i = 1, 2, ..., n,
where s ≥ 1 is an integer.
Let gi ∈ C(X) be such that 0 ≤ gi(x) ≤ 1, gi(x) = 1 if x ∈ O(xi, η1/4s) and
gi(x) = 0 if x 6∈ Oi, i = 1, 2, ..., n.
Put F1 = F ∪ {gi : i = 1, 2, ..., n} and put
Qi = O(xi, η1/4s), i = 1, 2, ..., n.
Let
inf{µτ◦h(Qi) : τ ∈ T (A), i = 1, 2, ..., n} ≥ σ1η1 (e 16.4)
for some σ1 < 1/2s.
Since F is compact, there are finitely many y1, y2, ..., yK ∈ F such that
∪Kk=1O(yk, η1/4) ⊃ F.
Denote Ωk = {x ∈ X : dist(x, yk) ≤ η1/4} and
Y = ∪Kk=1Ωk.
Then Y is a finite CW complex and F ⊂ Y ⊂ X. Moreover, {x1, x2, ..., xn} is η1/2
-dense in Y. Let s : C(X) → C(Y ) be the quotient map and let h¯ : C(Y ) → A be
such that h¯ ◦ s = h. Put
O¯i = {y ∈ Y : dist(xi, y) < η1/2s}, i = 1, 2, ..., n.
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Choose an integer L such that 1/L < γ/2 and let σ2 =
σ1
2(L+1) .
Let δ1 > 0 and G1 ⊂ C(Y ) be a finite subset and P ⊂ K(C(Y )) be a finite subset
required by 13.6 corresponding to ǫ/2, s(F), σ2 (and η1) above. Let G2 ⊂ C(X) be
a finite subset such that s(G2) ⊃ G1.
Let δ2 = min{ δ12 , σ2·η12 }. We may assume that
[L1]|P = [L2]|P
for any pair of δ2-G1-multiplicative contractive completely positive linear maps
L1, L2 : C(Y )→ A provided that
L1 ≈δ2 L2 on G1.
By applying 5.4, there is a projection q ∈ A and a unital homomorphism
Ψ : C(X⊗S1)→ qAq with finite dimensional range and a unitary v ∈ (1−q)A(1−q)
such that
‖u− v1 ⊕Ψ(1⊗ z)‖ < ǫ/2, (e 16.5)
‖h(f)g(u)− ((1− q)h(f)g(u)(1 − q)⊕Ψ(f ⊗ g)))‖ < ǫ/2 (e 16.6)
for all f ∈ F1 and g ∈ S, where S = {1C(S1), z}, and
τ(1 − q) < γ/2 for all τ ∈ T (A). (e 16.7)
Moreover,
‖h(f)− ((1− q)h(f)(1 − q) + Ψ(f ⊗ 1))‖ < δ2/2 and (e 16.8)
‖[(1− p), h(f)]‖ < δ2/2 for all f ∈ G2. (e 16.9)
In particular, (1− q)h(1− q) is δ2/2-G2-multiplicative.
We may write
Ψ(f ⊗ g) =
m∑
k=1
(
n(k)∑
j=1
f(ξk)g(tk,j)qk,j) (e 16.10)
for all f ∈ C(X) and g ∈ C(S1), where ξk ∈ X, tk,j ∈ S1 and where {qk,j : k, j} is
a set of mutually orthogonal projections with
∑m
k=1
∑n(k)
j=1 qk,j = q.
For each j and k, there are mutually orthogonal projections pk,j,l, l = 1, 2, ..., L+
1 in A such that
qk,j =
L+1∑
l=1
pk,j,l, [pk,j,l] = [pk,j,1], (e 16.11)
l = 1, 2, ..., L and [pk,j,L+1] ≤ [pk,j,1]. This can be easily arranged since A has tracial
rank zero but it also follows from 9.4.
Put pk,j =
∑L+1
l=2 pk,j,l, j = 1, 2, ..., n(k) and k = 1, 2, ...,m and put
p =
m∑
k=1
n(k)∑
j=1
pk,j .
Define Φ : C(X × S1)→ pAp by
Φ(f) =
m∑
k=1
n(k)∑
j=1
f(ξk)g(tk,j)pk,j for all f ∈ C(X) and g ∈ C(S1) (e 16.12)
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and define ψ : C(X)→ (1 − p)A(1− p) by
ψ(f) = (1 − q)h(f)(1− q) +
n∑
k=1
f(ξk)(
n(k)∑
j=1
pk,j,1) (e 16.13)
for all f ∈ C(X). Note that ψ is δ2/2-G1-multiplicative. Define ψ1 : C(Y ) →
(1− p)A(1− p) by
ψ1(f) = (1− q)h¯(f)(1− p) +
n∑
k=1
f(xk)(
n(k)∑
j=1
pk,j,1) (e 16.14)
for all f ∈ C(Y ).
Define φ : C(Y )→ pAp by
φ(f) =
m∑
k=1
f(xk)(
n(k)∑
j=1
pk,j)
for all f ∈ C(Y ). Write Y = ⊔mk=1Yk, as a disjoint union of finitely many path
connected components, where each Yk is a connected finite CW complex. Write
Zk = Yk \ {yk}, where yk ∈ Yk is a point.
Note that
[φ|C0(⊔kZk)] = 0 in KL(C0(⊔kZk), A). (e 16.15)
Let Ek ∈ C(Y ) be the projection corresponding to Yk, k = 1, 2, ...,m. It follows 4.2
that there is a unital homomorphism h00 : C(Y )→ (1− p)A(1 − p) such that
[h00|C0(⊔kZk)] = [h|C0(⊔kZk)] in KL(C0(YX), A) (e 16.16)
and
[h00(Ek)] = [ψ1(Ek)] in K0(A), k = 1, 2, ...,m. (e 16.17)
It follows from (e 16.8) that
[h00]|P = [ψ1]|P . (e 16.18)
On the other hand, by (e 16.8) again,
‖h(f)− (ψ(f)− Φ(f ⊗ 1))‖ < δ2/2 for all f ∈ G2. (e 16.19)
We estimate, by (e 16.19) and (e 16.4) that
τ(ψ1 ◦ s(gi)) ≥ τ(h(gi))− τ(φ(s(gi)))− δ2/2 (e 16.20)
≥ τ(h(gi))− Lτ(Φ(gi))
L+ 1
− σ1 · η1
4(L+ 1)
(e 16.21)
≥ τ(h(gi))
L+ 1
− δ2/2− σ1 · η1
4(L+ 1)
(e 16.22)
≥ σ1 · η1
L+ 1
− σ1 · η1
2(L+ 1)
(e 16.23)
=
σ1 · η1
2(L+ 1)
≥ σ2 · η1, (e 16.24)
i = 1, 2, ..., n. It follows that
µτ◦ψ1(O¯i) ≥ σ2 · η1 for all τ ∈ T (A), (e 16.25)
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i = 1, 2, ..., n. Therefore
µt◦ψ1(O¯i) ≥ σ2 · η1 for all t ∈ T ((1− p)A(1 − p)).
By applying 13.6 to ψ1, we obtain a unital monomorphism h¯1 : C(Y ) → (1 −
p)A(1− qp) such that
ψ1 ≈ǫ/2 h¯1 on s(F). (e 16.26)
Define h1 = h¯1 ◦ s. Then (e 16.26) becomes
ψ ≈ǫ/2 h1 on F . (e 16.27)
It follows from (e 16.27) and (e 16.8) that
h ≈ǫ h1 ⊕ Φ on F . (e 16.28)
Put v = v1 ⊕
∑n
k=1
∑n(k)
j=1 tk,jpk,j,1. It is a unitary in (1− p)A(1 − p). Moreover,
‖u− v ⊕ Φ(1⊗ z)‖ < ǫ.
The other inequality in (e 16.2) also follows. Finally,
τ(1 − p) = τ(1 − q) + τ(
m∑
k=1
n(k)∑
j=1
pk,j,1) (e 16.29)
< γ/2 +
1
L
< γ (e 16.30)
for all τ ∈ T (A).

Theorem 16.2. Let X be a connected finite CW complex, let ǫ > 0 and F ⊂ C(X)
be a finite subset. Then, there exists δ > 0 and a finite subset G ⊂ C(X) satisfying
the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero
and suppose that h1, h2 : C(X)→ A are two unital homomorphisms such that
[h1] = [h2] in KL(C(X), A) and (e 16.31)
if there are unitaries u, v ∈ A such that
‖[h1(f), u]‖ < δ, ‖[h2(f), v]‖ < δ for all f ∈ G and (e 16.32)
Bott(h1, u) = Bott(h2, v) (e 16.33)
then there exist a unital homomorphism Hi : C(X) → C([0, 1], A) (i = 1, 2) and
continuous rectifiable path {ut : t ∈ [0, 2]} such that
u0 = u, u2 = v, π0 ◦H1 ≈ǫ h1, π1 ◦H1 ≈ǫ π0 ◦H2 and π1 ◦H2 ≈ǫ h2 (e 16.34)
on F , and
‖[ut, πt ◦H1(f)]‖ < ǫ and ‖[ut+1, πt ◦H2(f)]‖ < ǫ (e 16.35)
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for all t ∈ [0, 1] and for all f ∈ F . Moreover,
Length({πt ◦H1 : t ∈ [0, 2/3]}) ≤ L(X) + ǫ/2 (e 16.36)
Length({πt ◦H1 : t ∈ [2/3, 1]}) ≤ 2π + ǫ
2(1 + L(X))
, (e 16.37)
Length({πt ◦H1}) ≤ L(X) + 2πLp(X) + ǫ, (e 16.38)
Length({πt ◦H2}) ≤ L(X) + ǫ and (e 16.39)
Length({ut}) ≤ 4π + ǫ. (e 16.40)
Proof. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Let
F1 = {f ⊗ g ∈ C(X × S1) : f ∈ F , g = 1C(S1), g = z}.
We may assume that F is in the unit ball of C(X).
Let η1 = σX,ǫ/32,F and η2 = min{σX×S1,ǫ/32,F1, η1}. Let {x1, x2, ..., xm} be an
η1/4-dense in X. Let {t1, t2, ..., tl} be l points on the unit circle which divides the
unit circle into l even arcs. Moreover, we assume that 8mπ/l < min{ǫ/4, η2/2}.
Choose s ≥ 1 such that O(xi × tj) ∩O(xi′ × tj′ ) = ∅ if i 6= i′ or j 6= j′, where
O(xi × tj) = {x× t ∈ X × S1 : dist(x, xi) < η1/2s and dist(t, tj) < π/sl}.
Choose 0 < σ1 < 1/2mlη2 and σ1 < 1/2s.
Let G1 ⊂ C(X×S1) be a finite subset, δ1 > 0, 1 > γ > 0 and P ⊂ K(C(X×S1))
be as required by Theorem 4.6 of [32] corresponding to ǫ/4, F1 and σ1 above.
Let P1 ⊂ K(C(X)) be a finite subset such that
β(P1) ⊃ βˆ(P).
Let P2 = P ∪ {(id− βˆ)(P), βˆ(P)}.
We may also assume that
[L1]|P2 = [L2]|P2
for any pair of δ1-G1-multiplicative contractive completely positive linear maps
L1, L2 : C(X × S1)→ A, provided that
L1 ≈δ1 L2 on G1.
Without loss of generality, we may assume that δ1 < sin(ǫ/4) and we may
assume that G1 = G′1 ⊗ S, where G′1 ⊂ C(X), where S = {1C(S1), z}. Moreover, we
may assume that both sets are in the unit balls of C(X) and C(S1), respectively.
Without loss of generality, we may also assume that γ < 1/2. Let δ2 > 0 ( in
place of δ) and G2 ⊂ C(X) (in place of F1) be a finite subset required by 2.8 for
δ1/2 (in place of ǫ) and G′1 (in place of F0). We may assume that δ2 < δ1/2 and
G′1 ⊂ G2.
Let δ > 0 and G3 ⊂ C(X) be a finite subset required in 16.1 for δ2/2, γ/4 and
G2. We may assume that G2 ⊂ G3 and δ3 < δ2/2.
Let G = G3 ∪ F .
Now suppose that
‖[u, h1(g)]‖ < δ and ‖[v, h2(g)]‖ < δ (e 16.41)
for all g ∈ G and
[h1] = [h2] in KL(C(X), A) and Bott(h1, u) = Bott(h2, v). (e 16.42)
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In particular,
Bott(h1, u)|P1 = Bott(h2, v)|P1 . (e 16.43)
By applying 16.1, we obtain projections pi ∈ A and unital homomorphisms
h1,i : C(X) → (1 − pi)A(1 − pi), unital homomorphisms Φi : C(X × S1) → piApi
and unitaries w′i ∈ (1− pi)A(1 − pi) such that
‖u− w1 ⊕ Φ1(1⊗ z)‖ < δ2/2, ‖v − w2 ⊕ Φ2(1⊗ z)‖ < δ2/2, (e 16.44)
‖[wi, hi(f)]‖ < δ2/2 and hi ≈δ2/2 h1,i ⊕ φi on G2, (e 16.45)
where φi(f) = Φi(f ⊗ 1) for f ∈ C(X), i = 1, 2. Moreover,
τ(1 − pi) < γ/4 for all τ ∈ T (A), i = 1, 2. (e 16.46)
Using Zhang’s Riesz interpolation as in the proof of 5.9, we may assume (by replac-
ing γ/4 by γ/2, if necessary, in (e 16.45)) that
[p1] = [p2].
Define Ψ(0) : C(X × S1)→ p1Ap1 by
Ψ(0)(f) =
m∑
k=1
l∑
j=1
f(xk)g(tj)ek,j for all f ∈ C(X) and g ∈ C(S1),
where {ek,j : k, j} is a set of mutually orthogonal projections in p1Ap1 such that
τ(ek,j) ≥ τ(1 − p1)
2ml
≥ σ1 · η2 for all τ ∈ T (A). (e 16.47)
(i = 1, 2).
It follows from 5.8 that there is unital commutative finite dimensional C∗-
subalgebra Bi ⊂ piApi which contains the image of Φi(C(X × S1)) and a set of
mutually orthogonal projections e
(i)
k,j such that
[e
(i)
k,j ] = [ek,j ], k = 1, 2, ...,m, j = 1, 2, ..., l, (e 16.48)
and i = 1, 2.
Define Ψ0,i : C(X × S1)→ Bi by
Ψ0,i(f ⊗ g) =
m∑
k=1
l∑
j=1
f(xk)g(tj)e
(i)
k,j (e 16.49)
for all f ∈ C(X) and g ∈ C(S1).
By 12.11, there is a unital homomorphism H ′i : C(X) → C([0, 1], Bi) and a
continuous path of unitaries wi,t : t ∈ [0, 1] in piApi such that
wi,0 = Φi(1⊗ z), wi,1 = Ψ0,i(1⊗ z), (e 16.50)
π0 ◦H ′i(f) = Φi(f ⊗ 1), π1 ◦H ′i(f) = Ψ0,i(f ⊗ 1) and (e 16.51)
[πt ◦H ′i(f), wi,t] = 0 for all t ∈ [0, 1] and for all f ∈ C(X), (e 16.52)
i = 1, 2. Moreover,
Lenghth({πt ◦H ′i}) ≤ L(X) + ǫ/2 and Length({wi,t}) ≤ π, (e 16.53)
i = 1, 2.
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From (e 16.44) and (e 16.45), by applying 2.8, we obtain a δ1/2-G′1 -multiplicative
contractive completely positive linear map ψ′i : C(X × S1)→ A such that
‖ψ′i(f ⊗ g)− h1,i(f)g(wi)‖ < δ1/2 (e 16.54)
for all f ∈ G′1 and g ∈ S, i = 1, 2. Define ψi : C(X × S1)→ A by
ψi(f ⊗ g) = ψ′i(f ⊗ g)⊕ Φ0,i(f ⊗ g) (e 16.55)
for all f ∈ C(X) and g ∈ C(S1). Moreover, by the fact that [p1] = [p2], (e 16.42),
(e 16.43), (e 16.44), (e 16.45) and (e 16.48), we compute that
[ψ1]|P = [ψ2]|P . (e 16.56)
By e 16.47), (e 16.49) and (e 16.48),
µτ◦φi(O(xk × tj)) ≥ σ2 · η2 for all τ ∈ T (A), (e 16.57)
k = 1, 2, ..,m, j = 1, 2, ..., l and i = 1, 2. Furthermore, since [e
(1)
k,j ] = [e
(2)
k,j ], k =
1, 2, ...,m, j = 1, 2, ..., l, we compute that
|τ ◦ ψ1(f)− τ ◦ ψ2(f)| < γ for all f ∈ G1. (e 16.58)
Now, from the choice of δ1, γ, G1, by applying Theorem 4.6 of [32], we obtain a
unitary U ∈ A such that
adU ◦ ψ1 ≈ǫ/4 ψ2 on F1. (e 16.59)
There is a continuous path of unitaries {Ut : t ∈ [0, 1]} such that
U0 = 1, U1 = U and Length({Ut}) ≤ π + ǫ
4(1 + L(X))
. (e 16.60)
Define H1 : C(X)→ C([0, 1], A) by, for f ∈ C(X),
πt ◦H1(f) =

h1,1(f)⊕ φ1(f) if t ∈ [0, 1/3];
h1,1(f)⊕ π3(t−1/3) ◦H ′1(f) if t ∈ (1/3, 2/3];
U3(t−2/3)
∗(h1,1(f)⊕Ψ0,1(f ⊗ 1))U3(t−2/3) if t ∈ (2/3, 1] .
(e 16.61)
Define H2 : C(X)→ C([0, 1], A) by
πt ◦H2 =
{
h1,2 ⊕ π2(1/2−t) ◦H ′2 if t ∈ [0, 1/2];
h1,2 ⊕ φ2 if t ∈ (1/2, 1].
(e 16.62)
Then, by (e 16.45) and (e 16.59),
π0 ◦H1 ≈ǫ h1, π1 ◦H1 ≈ǫ π0 ◦H2 and π1 ◦H2 ≈ǫ h2 (e 16.63)
on F . Moreover, by (e 16.53) and (e 16.60)
Length({πt ◦H1 : t ∈ [0, 2/3]}) ≤ L(X) + ǫ/2, (e 16.64)
Length({πt ◦H1 : t ∈ [2/3, 1]} ≤ 2π + ǫ
2(1 + L(X))
(e 16.65)
and
Length({πt ◦H2}) ≤ L(X) + ǫ. (e 16.66)
So, by 12.8,
Length({πt ◦H1}) ≤ L(X) + 2πLp(X) + ǫ. (e 16.67)
By (e 16.44), since δ1 < sin(ǫ/4), there is ai ∈ As.a with ‖ai‖ < ǫ/4 such that
u∗(w1 ⊕ Φ1(1 ⊗ z)) = exp(ia1) and v∗(w2 ⊕ Φ2(1⊗ z)) = exp(ia2).
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Define
ut =

u exp(i3ta1) if t ∈ [0, 13 ];
w1 ⊕ w1,3(t−1/3) if t ∈ (13 , 23 ];
U∗3(t−1/3) ◦ (w1 ⊕ w1,1)U3(t−1/3) if t ∈ (23 , 1];
w1 ⊕ w2,2(3/2−t) if t ∈ (1, 32 ];
v exp(i2(2− t)a2) if t ∈ (32 , 2] .
(e 16.68)
Then
u0 = u, u2 = v and
Length({ut}) ≤ ǫ/4 + π + 2π + π + ǫ/4 = 4π + ǫ/2.
We also have
‖[ut, πt ◦H1(f)]‖ < ǫ for all f ∈ F
and
‖[ut+1, πt ◦H2(f)]‖ < ǫ for all f ∈ F
for t ∈ [0, 1].

We obtain the following improvement of original Super Homotopy Lemma in
the case that A is a unital separable simple C∗-algebra of tracial rank zero.
Corollary 16.3. For any ǫ > 0, there exists δ > 0 satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank zero
and u1, u2, v1, v2 ∈ U(A) are four unitaries. Suppose that
‖[u1, v1]‖ < δ, ‖[u2, v2]‖ < δ,
[u1] = [u2], [v1] = [v2] and bott1(u1, v1) = bott1(u2, v2).
Then there exist two continuous paths of unitaries {Ut : t ∈ [0, 1]} and {Vt : t ∈
[0, 1]} of A such that
U0 = u1, U1 = u2, V0 = v1, V1 = v2,
‖[Ut, Vt]‖ < ǫ for all t ∈ [0, 1] and
Length({Ut}) ≤ 4π + ǫ and Length({Vt}) ≤ 4π + ǫ.
Remark 16.4. As stated in [2], the Basic Homotopy Lemma is not a special case
of the Super Homotopy Lemma. It mentioned not only the estimate on the length
of the paths but more importantly, the presence of two paths of unitaries in the
Super Homotopy Lemma. But in the Basic Homotopy Lemma it is essential to keep
one unitary fixed. In our cases also, in the Basic Homotopy Lemma, the map h
remains fixed in the homotopy while 15.2 and 16.2 allow a path from h1 to h2. We
would point out that beside the obvious difference in appearance of paths and the
estimates of the length of paths, one additional essential difference appears: In the
finite case, the constant δ in the Super Homotopy Lemma 16.2 is universal while in
8.3 δ depends on a measure distribution which as shown in 9.5 can not be universal.
This phenomenon does not occur in the case that X is one-dimensional. This again
shows the additional difficulties involved in the Basic Homotopy Lemma for higher
dimensional spaces X. Moreover, in the Basic Homotopy Lemma, h is assumed to a
monomorphism and it fails when h is not assumed to be monomorphism whenever
114 5. SUPER HOMOTOPY
dimX ≥ 2. However, in both 15.2 and 16.2, h1 and h2 are only assumed to be
homomorphisms.
On the other hand, there are additional burden to connect two homomorphisms
h1 and h2 as well as two unitaries while the Basic Homotopy Lemma considers only
one unitary and one monomorphism. It should be noted that the Super Homotopy
Lemma does not follow from 14.2 or 14.3, since πt◦Hi there is not a homomorphism
It is also important to note that even in the case that L(X) =∞, Theorem 13.1,
13.3, 13.5, 13.8m 13.9, 14.1, 14.2, 14.3, 15.1, 15.2 and 16.2 remain valid. However,
the lengths of these homotopy may be infinite.
CHAPTER 6
Postlude
17. Non-commutative cases
Definition 17.1. (i) Let X be a compact metric space, let r be a positive integer
and let A = Mr(C(X)) = C(X,Mr). Denote by tr the standard normalized trace
on Mr. Let τ ∈ T (A). Then there is a probability Borel measure ν such that
τ(f) =
∫
X
tr(f)dν for all f ∈ C(X,Mr).
Define µτ = rν.
Suppose that B is a unital C∗-algebra and h : A → B is a unital homomor-
phism. Let {ei,j} be a system of matrix unit for Mr. Identify e1,1 with the (con-
stant) rank one projection in A. Then e1,1Ae1,1 ∼= C(X). Suppose that t ∈ T (B).
Let τ = t ◦h. Define h1 = h|e1,1Ae1,1 . Define τ1(f) = rτ ◦h1(f) for f ∈ C(X). Then
τ1 is a tracial state of C(X). The associated measure is µτ .
(ii) Suppose thatX is a connected finite CW complex with covering dimension
d. Let A = PMm(C(X))P, where P is a rank k (≤ m) projection in Mm(C(X)).
Let τ ∈ T (A). Denote by tr the standard trace on Mk. Then there exists a Borel
probability measure ν on X such that
τ(f) =
∫
X
tr(f)dν for all f ∈ A.
Define µτ = kν.
Let B be a unital C∗-algebra, and let h : A → B be a unital homomorphism.
There is a projection e ∈ Md+1(A) such that e + 1A is a trivial projection on X
(see for example 8.12 of [15]). Therefore (e + 1A)Md+1(A)(e + 1A) ∼= Mr(C(X))
for some integer r ≥ 1. Let t = ( rk(d+1) )(τ ⊗Tr), T r is the standard trace on Md+1.
Then t gives a tracial state on Mr(C(X)). Using notation in (i), the measure µt on
X is same as µτ defined above.
(iii) LetX be (not necessary connected) finite CW complex with finite covering
dimension and let A = PMm(C(X))P, where P is a projection inMm(C(X)). Then
one may write X = ⊔ki=1Xi, where each Xi is a connected. So we may also write
A = ⊕ki=1PiMm(k)(C(Xi))Pi, where Pi ∈ Mm(i)(C(Xi)) is a rank r(i) projection.
Put Ai = PiMm(k)(C(Xi))Pi, i = 1, 2, ..., k. Suppose that τ ∈ T (A). Put αi = τ(Pi)
and τi = (1/αi)τ |Ai . By applying (ii), one then obtains a probability Borel measure
µτi on Xi. For any Borel subset S ⊂ X, write S = ⊔ki=1Si, where each Si ∈ Xi is a
Borel subset. Define µτ by
µτ (S) =
k∑
i=1
αiµτi(Si)
for all Borel subset S ⊂ X.
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Lemma 17.2. Let X be a compact metric space and let A = Mr(C(X)), where
r ≥ 1 is an integer. Then, for any ǫ > 0, any finite subset F ⊂ A and map
∆ : (0, 1) → (0, 1), there exists δ > 0, a finite subset G ⊂ A and a finite subset
P ⊂ K(A) satisfying the following:
Suppose that B is a unital separable simple C∗-algebra with tracial rank zero,
h : A → B is a unital monomorphism and u ∈ B is a unitary such that µτ◦h is
∆-distributed for all τ ∈ T (B),
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 17.1)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of B
such that
u0 = u, u1 = 1B and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 17.2)
Moreover,
Length({ut}) ≤ 2π + ǫ. (e 17.3)
Proof. Let ǫ > 0 and F ⊂ Mr(C(X)) be given. There is a finite subset
F1 ⊂ C(X) such that
F ⊂ {(gi,j) : gi,j ∈ F1}.
Let δ1 > 0, G1 ⊂ C(X) be a finite subset and P1 ⊂ K(C(X)) = K(A) be a finite
subset as required by 8.1 associated with ǫ/2, F1 and ∆. We may assume that
[L1]|P = [L2]|P
for any pair of δ1-G1-multiplicative contractive completely positive linear maps
L1, L2 : C(X)→ A, provided that
L1 ≈δ1 L2 on G1.
We may assume that δ1 < ǫ/2.
Let δ2 > 0 and G2 ⊂ A be a finite subset required by 2.8 for δ1/2 and G1. We
may assume that δ2 < min{δ1/2, ǫ/2} and G2 ⊃ G1 ∪ F1.
Let {ei,j : i, j = 1, 2, ..., r} be a system of matrix unit for Mr.
It is easy to see that there is δ > 0 and a finite subset G ⊂ A satisfying the
following: if B is a unital C∗-algebra, if h′ : A→ B is a unital homomorphism and
if u ∈ B is a unitary with
‖[h′(f), u]‖ < δ for all f ∈ G,
then, there exists a unitary v ∈ B such that
‖u− v‖ < δ2/2, h′(e1,1)v = vh′(e1,1) and ‖[h′(g), v]‖ < δ2/2
for all f ∈ G3, where
G3 = {(gij) ∈Mk(C(X)) : gi,j ∈ G2}.
Suppose that h : A→ B is a monomorphism and u ∈ A is a unitary satisfying the
conditions in the lemma with δ and G as above. Define h1 : C(X)→ h(e1,1)Bh(e1,1)
by h1 = h|e1,1Ae1,1 . Then, 8.3 applies to h1 and e1,1ve1,1.
One sees that we reduce the general case to the case that r = 1.

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Lemma 17.3. Let X be a compact metric space and let A = Mr(C(X)), where
r ≥ 1 is an integer. Then, for any ǫ > 0, any finite subset F ⊂ A, there exists
δ > 0, a finite subset G ⊂ A and a finite subset P ⊂ K(A) satisfying the following:
Suppose that B is a unital purely infinite simple C∗-algebra, h : A → B is a
unital monomorphism and u ∈ B is a unitary such that
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 17.4)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of B
such that
u0 = u, u1 = 1B and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 17.5)
Moreover,
Length({ut}) ≤ 2π + ǫ (e 17.6)
Proof. The proof of this lemma is almost identical to that of 17.2. We will
apply 11.3. 
The essential significance in the following lemma is the estimate of the length
of {vt}. It should be noted that the proof would be much shorter if we allow the
length to be bounded by 2L+ ǫ.
Lemma 17.4. (1) There is a positive number δ (with 1/2 > δ > 0) and there is a
function η : (0, 1/2)→ R+ with limt→0 η(t) = 0 satisfying the following:
Let B be a unital C∗-algebra and {ut : t ∈ [0, 1]} be a path of unitaries with
u1 = 1 such that
Length({ut}) ≤ L.
Suppose that there is a non-zero projection p ∈ A such that
‖[ut, p]‖ < δ for all t ∈ [0, 1].
Then there exists a path of unitaries {vt : t ∈ [0, 1]} ⊂ pAp and there exist partitions
0 = t0 < t1 · · · < tm = 1 and 0 = s0 < s1 · · · < sm = 1
such that
‖putip− vsi‖ <
δ√
1− δ , i = 1, 2, ...,m, v1 = p and
Length({vt}) ≤ L+ (7Lη(δ)),
where m = [ 6Lπ ] + 1.
(2) For any ǫ > 0 and any M > 0. There exists δ > 0 satisfying the following:
Let B be a unital C∗-algebra and {ut : t ∈ [0, 1]} be a path of unitaries with
u1 = 1 such that
Length({ut}) ≤ L.
Suppose that there is a non-zero projection p ∈ A and a self-adjoint subset G ⊂ pAp
with p ∈ G and ‖a‖ ≤M for all a ∈ G such that
‖[ut, a]‖ < δ for all t ∈ [0, 1].
Then there exists a path of unitaries {vt : t ∈ [0, 1]} ⊂ pAp such that
‖pu0p− v0‖ < ǫ, v1 = p,
‖[vt, a]‖ < ǫ for all a ∈ G and
Lengh({vt}) ≤ L+ ǫ,
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Proof. The proof is somewhat similar to that of 9.3. Fix M > 0. Put
S = {eiπt : t ∈ [−1/2, 1/2]}.
Denote by F : S → [−1/2, 1/2] by F (eiπt) = t. F is a continuous function. Let
S1 = {eiπt : t ∈ [−1/6, 1/6]}.
If U1 and U2 are two unitaries in a unital C
∗-algebra A and p ∈ A is a projection
such that
‖[p, Ui]‖ < δ, i = 1, 2, (e 17.7)
then
‖pUip|pUip|−1 − pUip‖ < δ√
1− δ , i = 1, 2. (e 17.8)
Here the inverse |pUip|−1 is taken in pAp. Note that pUip|pUip|−1 is a unitary in
pAp. If sp(U1U2) ⊂ S1, then
‖1− U1U‖ = max{|1− eiπθ| : θ ∈ [−1/6, 1/6]} ≤ 1/2. (e 17.9)
We estimate that
‖p− pU1p|pU1p|−1pU2p|pU2p|−1‖ (e 17.10)
≤ ‖p− pU1U2p‖+ ‖pU1U2p− pU1p|pU1p|−1pU2p|pU2p|−1‖
< 1/2 + ‖pU1U2p− pU1pU2p‖+ ‖pU1pU2p− pU1p|pU1p|−1pU2p|pU2p|−1‖
< 1/2 + δ + 2
δ
1− δ . (e 17.11)
There is δ0 > 0 such that if δ < δ0,
1/2 + δ + 2
δ
1− δ < 1.
Thus when δ < δ0, sp(U1U2) ⊂ S1 and when (e 17.7) holds,
sp(pU1p|pU1p|−1pU2p|pU2p|−1) ⊂ S. (e 17.12)
Fix M > 0.
Moreover, by choosing smaller δ0 > 0, when 0 < δ < δ0 and when (e 17.7)
holds, there is a positive number η(δ) (for each δ) with
lim
t→0
η(t) = 0 (e 17.13)
such that
‖ exp(iπF (pU1p|pU1p|−1pU2p|pU2p|−1))− p exp(iπF (U1U2))p‖ < η(δ) (e 17.14)
and at the same time
‖F (pU1p|pU1p|−1pU2p|pU2p|−1)− pF (U1U2)p‖ < η(δ) (e 17.15)
and
‖[a, F (pU1p|pU1p|−1pU2p|pU2p|−1)]‖ < η(δ), (e 17.16)
if ‖[a, Ui]‖ < δ, a ∈ pAp and ‖a‖ ≤ M (cf. 2.5.11 of [28] and 2.6.10 of [28]). It
should be noted that
‖F (pU1pU2p|pU1pU2p|−1)‖ ≤ ‖F (U1U2)‖+ η(δ). (e 17.17)
We will use these facts in the rest of the proof and assume that 0 < δ < δ0.
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Let 0 = t0 < t1 < · · · < tm = b be a partition so that
π/7 ≤ Length({ut : t ∈ [ti−1, ti]}) ≤ π/6, i = 1, 2, ...,m, (e 17.18)
where m = [ 6Lπ ] + 1.
Put ui = uti and zi = puip|puip|−1, where the inverse is taken in pAp. Then
sp(u∗i−1ui) ⊂ S1. Define w˜i = z∗i−1zi, i = 1, 2, ...,m.
If
‖[ut, p]‖ < δ, (e 17.19)
then (by (e 17.8)
‖puip|puip|−1 − puip‖ < δ√
1− δ , (e 17.20)
i = 1, 2, ...,m. It follows from (e 17.12)that
sp(w˜i) ⊂ S.
Moreover by (e 17.19), (e 17.12) and (e 17.14),
‖zi−1 exp(
√−1πF (w˜i))− puip‖
= ‖zi−1 exp(
√−1πF (w˜i))− pui−1u∗i−1uip‖
< ‖zi−1 exp(
√−1πF (w˜i))− pui−1pu∗i−1uip‖+ δ
< ‖zi−1 exp(
√−1πF (w˜i))− pui−1p exp(
√−1πF (w˜i))‖ + η(δ) + δ
<
δ√
1− δ + η(δ) + δ, i = 1, 2, ...,m. (e 17.21)
Suppose that G ⊂ pAp is self-adjoint such that ‖a‖ ≤M for all a ∈ G. Then, if
δ < δ0 and if
‖[a, ut]‖ < δ for all a ∈ G and t ∈ [0, 1],
then, by (e 17.16),
‖[a, F (w˜i)]‖ ≤ η(δ) for all a ∈ G. (e 17.22)
Thus, by (e 17.21), (e 17.13) and (e 17.20), a positive number δ depending on ǫ, M
and F only, such that, if
‖[a, ut]‖ < δ for all a ∈ G and t ∈ [0, 1],
then,
‖[a, zi−1 exp(
√−1πt F (w˜i))]‖ < ǫ (e 17.23)
for all t ∈ [0, 1] and for all a ∈ G. Let
li = Length({ut : t ∈ [ti−1, ti]}), i = 1, 2, ...,m.
Now, define
v0 = u0, vt = zi−1(exp(
√−1π t− si−1
si − si−1F (w˜i))) for all s ∈ [si−1, si],
where s0 = 0, si =
∑i
j=1 lj/L, i = 1, 2, ...,m. It follows that
‖[a, vt]‖ < ǫ for all t ∈ [0, 1] (e 17.24)
and for all a ∈ G.
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Clearly, if t, t′ ∈ [si−1, si], then (also using (e 17.17) and (e 17.18))
‖vt − vt′‖ = ‖ exp(
√−1π t− si−1
si − si−1F (w˜i))− exp(
√−1π t
′ − si−1
si − si−1F (w˜i))‖
≤ ‖πF (w˜i)‖ |t− t
′|
li/L
≤ L (li + η(δ) · π)
li
|t− t′|
= (L+ 7Lη(δ))|t− t′|. (e 17.25)
One then computes that
‖vt − vt′‖ ≤ (L+ 7Lη(δ))|t− t′| for all t, t′ ∈ [0, 1] (e 17.26)
The lemma follows from the fact that limδ→0 η(δ) = 0.

Lemma 17.5. Let X be a finite CW complex, let F ⊂ X be a compact subset
and let A1 = QMm(C(X))Q, where m ≥ 1 is an integer and Q ∈ Mm(C(X)) is
a projection. Let A = PMm(C(F ))P, where P = s(Q) and s : A1 → A is the
surjective homomorphism induced by the quotient map C(X)→ C(F ).
Then, for any ǫ > 0, any finite subset F ⊂ A and a non-decreasing map
∆ : (0, 1) → (0, 1), there exists δ > 0, a finite subset G ⊂ A and a finite subset
P ⊂ K(A) satisfying the following:
Suppose that B is a unital separable simple C∗-algebra with tracial rank zero,
h : A → B is a unital monomorphism and u ∈ B is a unitary such that µτ◦h is
∆-distributed for all τ ∈ T (B),
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 17.27)
Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of B
such that
u0 = u, u1 = 1B and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 17.28)
Moreover,
Length({ut}) ≤ 2π + ǫ. (e 17.29)
Proof. It is clear that we may reduce the general case to the case that X is
connected. So we now assume that X is connected. Let d be the dimension of X.
By 8.15 of [15], there is a projection e′ ∈ Md+1(QMm(C(X))Q) such that e′ + Q
is a trivial projection. So
(e′ +Q)Md+1(C(X))(e
′ +Q) ∼=Mr(C(X))
for some integer r ≥ 1. Put e = s(e′). It follows that
(e+ P )Md+1(C(F ))(e + P ) ∼=Mr(C(F )).
Note that P = 1A. Put C = (e+ 1A)Md+1(C(F ))(e + 1A). Note also that
K(PCP ) = K(A).
If h : A→ B is a unital homomorphism, then it extends to a unital homomor-
phism h1 : Md+1(A) → Md+1(B). Let h′ = (h1)|C . For any δ1 > 0 and a finite
subset G1 ⊂ A, there exists δ2 > 0 and a finite subset G2 satisfying the following: if
u′ ∈ B is a unitary such that
‖[h(f), u′]‖ < δ2 for all f ∈ G2,
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then
‖[h1(g), U ′]‖ < δ1 for all G′1
where U ′ = diag(u′, u′, ..., u′) and where G′1 = {(gi,j) : g ∈ G1}. In particular, with
larger G1,
‖[1C , U ′]‖ < δ1.
Thus there is a unitary V ∈ h1(1C)Bh1(1C) such that
‖V − h1(1C)U ′h1(1C))‖ < 2δ1 and ‖[h′(g), V ]‖ < 4δ1 for all g ∈ G′1 ∩ C.
Let {ei,j} be a system of matrix for Mr and be elements in C ∼=Mr(C(F )).
Therefore, by applying 17.2 and its proof, for any ǫ1 > 0 and any F1 ⊂ C(F ),
there is δ > 0 and a finite subset G ⊂ A and a finite subset P ⊂ K(A) satisfying the
following: suppose that h and u satisfy the assumption of the lemma for the above
δ and G and P , there exists a path of unitaries {wt : t ∈ [0, 1]} in h′(e1,1)Bh′(e1,1)
such that
‖w0 − w‖ < ǫ1/(4r)2, w1 = e1,1, ‖[h′(g),Wt]‖ < ǫ1 (e 17.30)
for all t ∈ [0, 1] and g ∈ F ′1, and
Length({wt}) ≤ 2π + ǫ1/2, (e 17.31)
where w is a unitary in e1,1Ce1,1 with
‖w − e1,1U ′e1,1‖ < ǫ1/(2r)2, (e 17.32)
Wt = diag(wt, wt, ..., wt) : t ∈ [0, 1] and
F ′1 = {(gi,j) ∈Mr(C(F )) ∼= C : gi,j ∈ F1}.
We may assume that P = 1A ∈ F1. For any finite subset F ⊂ A, we may assume
that F ⊂ F ′1, if F1 is sufficiently large. Note that h′(g)P = Ph′(g) for all g ∈ C
(since h commutes with P ). Note also that
Length({Wt}) ≤ 2π + ǫ1/4. (e 17.33)
With sufficiently small ǫ1 and sufficiently large F1, by applying 17.4, we obtain a
path of unitaries {vt : t ∈ [0, 1]} of B such that
‖v0 − u‖ < ǫ/8, v1 = 1B, ‖[h(f), vt]‖ < ǫ/2 and (e 17.34)
Length({vt}) ≤ 2π + ǫ/2. (e 17.35)
The lemma then follows by connecting v0 to u with the length no more than
ǫ/2.

Lemma 17.6. Let X be a finite CW complex, let F ⊂ X be a compact subset
and let A1 = QMm(C(X))Q, where m ≥ 1 is an integer and Q ∈ Mm(C(X)) is
a projection. Let A = PMm(C(F ))P, where P = s(Q) and s : A1 → A is the
surjective homomorphism induced by the quotient map C(X)→ C(F ).
Then, for any ǫ > 0, any finite subset F ⊂ A, there exists δ > 0, a finite subset
G ⊂ A and a finite subset P ⊂ K(A) satisfying the following:
Suppose that B is a unital purely infinite simple C∗-algebra, h : A → B is a
unital monomorphism and u ∈ B is a unitary such that
‖[h(a), u]‖ < δ for all a ∈ G and Bott(h, u)|P = 0. (e 17.36)
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Then, there exists a continuous rectifiable path of unitaries {ut : t ∈ [0, 1]} of B
such that
u0 = u, u1 = 1B and ‖[h(a), ut]‖ < ǫ for all a ∈ F and t ∈ [0, 1]. (e 17.37)
Moreover,
Length({ut}) ≤ 2π + ǫπ. (e 17.38)
Proof. The proof is virtually identical to that of 17.5 but apply 17.3 instead
of 17.2. 
Definition 17.7. Let A be a unital AH-algebra. Then A has the form A =
limn→∞(An, φn), whereAn = ⊕r(n)i=1 Pi,nMk(i,n)(C(Xi,n))Pi,n and Pi,n ∈Mk(i)(C(Xi,n))
is a projection andXi,n is a path connected finite CW complex. For the convenience,
without loss of generality, we may assume that each φn is unital. By replacing Xi,n
by a compact subset of Xi,n, we may assume that φn is injective for each n.
Let B be a unital C∗-algebra with a tracial state τ ∈ T (B) and ψ : A → B
be a positive linear map. Define τn by τn = τ ◦ ψ ◦ φn. Define µτn as in (iii) of
17.1. Let ∆n : (0, 1) → (0, 1) be an increasing map. We say that τ ◦ ψ is {∆n}
distributed if µτn is ∆n -distributed.
Theorem 17.8. Let A be a unital AH-algebra, let ǫ > 0 and F ⊂ A be a finite
subset. Let ∆n : (0, 1)→ (0, 1) be a sequence of increasing maps.
Then there exists δ > 0, a finite subset G ⊂ A and a finite subset P ⊂ K(A)
satisfying the following: Suppose that B is a unital separable simple C∗-algebra with
tracial rank zero, h : A→ B is a unital monomorphism, and suppose that there is
a unitary u ∈ B such that
‖[h(a), u]‖ < δ for all f ∈ G,Bott(h, u)|P = 0 and (e 17.39)
µτ◦h is {∆n}-distributed for all τ ∈ T (B). Then there exists a continuous path of
unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = u, ‖[h(a), vt]‖ < ǫ for all f ∈ F and t ∈ [0, 1]. (e 17.40)
Moreover,
‖ut − ut′‖ ≤ (2π + ǫ)|t− t′| for all t, t′ ∈ [0, 1] (e 17.41)
and Length({ut}) ≤ 2π + ǫ. (e 17.42)
Proof. Let ǫ > 0 and F ⊂ A be given. Write A = limn→∞(An, φn), where
each An = ⊕r(n)i=1 Pi,nMk(i)(C(Xi,n))Pi,n, where each Xi,n is a connected finite CW
complex. By replacing Xi,n by one of its compact subset Fi,n, we may write A =
∪nAn. Thus, without loss of generality, we may assume that F ⊂ An for some
integer n ≥ 1. We then apply 17.5.
Note to get e 17.41, we can either apply 9.3 or state an improved version of
17.10 by applying 9.7 instead of 8.3. 
Corollary 17.9. Let A be a unital AH-algebra, let ǫ > 0 and F ⊂ A be a finite
subset. Suppose that B is a unital separable simple C∗-algebra with tracial rank
zero and h : A → B is a unital monomorphism Then there exists δ > 0, a finite
subset G ⊂ A and a finite subset P ⊂ K(A) satisfying the following: Suppose that
there is a unitary u ∈ B such that
‖[h(a), u]‖ < δ for all f ∈ G and Bott(h, u)|P = 0. (e 17.43)
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Then there exists a continuous path of unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = u, ‖[h(a), vt]‖ < ǫ for all f ∈ F and t ∈ [0, 1],
‖ut − ut′‖ ≤ (2π + ǫ)|t− t′| for all t, t′ ∈ [0, 1] and
Length({ut}) ≤ 2π + ǫ.
Theorem 17.10. Let A be a unital AH-algebra, let ǫ > 0 and F ⊂ A be a finite
subset. Then there exists δ > 0, a finite subset G ⊂ A and a finite subset P ⊂ K(A)
satisfying the following: Suppose that B is a unital purely infinite simple C∗-algebra
h : A → B is a unital monomorphism and suppose that there is a unitary u ∈ B
such that
‖[h(a), u]‖ < δ for all f ∈ G,Bott(h, u)|P = 0. (e 17.44)
Then there exists a continuous path of unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = u, ‖[h(a), vt]‖ < ǫ for all f ∈ F and for all t ∈ [0, 1]
and
‖ut − ut′‖ ≤ (2π + ǫ)|t− t′| for all t, t′ ∈ [0, 1].
Consequently,
Length({ut}) ≤ 2π + ǫ.
Proof. The proof follows the same argument used in 17.8 but applying 17.6.

The additional significance of the following theorem is that, when A is also
assumed to be simple, the “measure-distribution” is not needed in the assumption.
Theorem 17.11. Let A be a unital simple AH-algebra. For any ǫ > 0 and any
finite subset F ⊂ A, there exists δ > 0, a finite subset G ⊂ A and a finite subset
P ⊂ K(A) satisfying the following: Suppose that B is a unital simple C∗-algebra of
tracial rank zero, or A is a purely infinite simple C∗-algebra, suppose that h : A→ B
is a unital homomorphism and suppose that there is a unitary u ∈ B such that
‖[h(a), u]‖ < δ and Bott(h, u)|P = 0.
Then there exists a rectifiable continuous path of unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = 1B, ‖[h(a), ut]‖ < ǫ for all f ∈ F
and
‖ut − ut′‖ ≤ (2π + ǫ)|t− t′| for all t, t′ ∈ [0, 1].
Consequently
Length({ut}) ≤ 2π + ǫ.
Proof. We will prove the case that B is a unital separable simple C∗-algebra
with tracial rank zero. The case that B is a unital purely infinite simple C∗-algebra
follows from 17.10.
In the definition 17.7, let B = A and ψ = idA. Then since A is a unital
simple C∗-algebra there is a sequence ∆n : (0, 1)→ (0, 1) such that τ ◦ ψ is {∆n}-
distributed for all τ ∈ T (A).
For any unital C∗-algebra B and any t ∈ T (B) and any unital homomorphism
h : A → B, t ◦ h = τ for some τ ∈ T (A). Thus t ◦ h is {∆n}-distributed. In other
words, once A is known, {∆n} can be determined independent of B and h. Thus
the Theorem follows 17.8.

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18. Concluding remarks
18.1. Suppose that X = ⊔ni=1Xi, where each Xi is a connected compact metric
space. We can define
Lp(X) = max
1≤i≤n
Lp(Xi),
Lp(X) = max
1≤i≤n
Lp(Xi) and
L(X) = max
1≤i≤n
L(Xi)
A modification of the proofs of 13.5 shows that the following version of Theorem
13.5:
Theorem 18.2. Let X be a compact metric space with finitely many path connected
components and let A be a unital purely infinite simple C∗-algebra. Suppose that
h1, h2 : C(X)→ A are two unital homomorphisms such that
[h1] = [h2] in KL(C(X), A).
Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist two unital homo-
morphisms H1, H2 : C(X)→ C([0, 1], A) such that
π0 ◦H1 ≈ǫ/3 h1, π1 ◦H1 ≈ǫ/3 π0 ◦H2 and π1 ◦H2 ≈ǫ/3 h2 on F .
Moreover,
Length({πt ◦H1}) ≤ L(X)(1 + 2π) + ǫ/2 and
Length({πt ◦H2}) ≤ L(X) + ǫ/2. (e 18.1)
Similar statements also hold for Theorem 13.8, Theorem 13.9, Theorem 14.1,
Theorem 14.2, Theorem 14.3, Theorem 15.1, Theorem 15.2 and Theorem 16.2.
For example, 13.8 holds for general finite CW complex X :
Theorem 18.3. Let X be a finite CW complex and let A be a unital separable
simple C∗-algebra with tracial rank zero. Suppose that ψ1, ψ2 : C(X)→ A are two
unital monomorphisms such that
[ψ1] = [ψ2] in KL(C(X), A). (e 18.2)
Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exists a unital homo-
morphism H : C(X)→ C([0, 1], A) such that
π0 ◦H ≈ǫ ψ1 and π1 ◦H ≈ǫ ψ2 on F . (e 18.3)
Moreover, each πt ◦H is a monomorphism and
Length({πt ◦H}) ≤ L(X) + Lp(X)2π + ǫ. (e 18.4)
18.4. One may also define L(X) for general compact metric spaces. There are at
least two possibilities. One may consider the following constant:
sup{Length({γ}) : all rectifiable continuous paths in X}.
If X = lim← nXn, where each Xn is a finite CW complex, then one may
consider the constant:
inf sup{L(Xn) : n ∈ N},
where the infimum is taken among all possible reverse limits.
It seems that the second constant is easy to handle for our purpose. However,
in general, one should not expect such constant to be finite.
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18.5. The last section presents some versions of the Basic Homotopy for AH-
algebras. It seems possible that more general situation could be discussed. More
precisely, for example, one may ask if 17.9 holds for general separable amenable C∗-
algebra A. However, it is beyond the scope of this research to answer this question.
While we know several cases are valid, in general, further study is required.
There are several valid versions of Super Homotopy Lemmas for non-commutative
cases and could be presented here. However, given the length of this work, we choose
not include them.
18.6. Applications of the results in the work have been mentioned in the intro-
duction. It is certainly desirable to present some of them here. Nevertheless, the
length of this work again prevent us from including them here without further pro-
longing the current work. We would like however, to mention that, for example,
Theorem 17.8 and Theorem 17.9 are used in [33], where we show crossed products
of certain AH-algebras by Z can be embedded into a unital simple AF-algebras.
It also plays an essential role in the study of asymptotic unitary equivalence of
monomorphisms([34]).

Bibliography
[1] C. Akemann and F. W. Shultz, Perfect C∗-algebras, Mem. Amer. Math. Soc. 55 (1985),
no. 326, xiii+117 pp.
[2] O. Bratteli, G. A. Elliott, D. E. Evans and A. Kishimoto, Homotopy of a pair of approxi-
mately commuting unitaries in a simple C∗-algebra, J. Funct. Anal. 160 (1998), 466–523.
[3] N. Brown, Invariant means and finite representation theory of C*-algebras, Mem. Amer.
Math. Soc., to appear
[4] J. Cuntz, K-theory for certain C∗-algebras, Ann. of Math. 113 (1981), 181–197.
[5] M. Da˘da˘rlat, Approximately unitarily equivalent morphisms and inductive limit C∗-
algebras, K-Theory 9 (1995), 117–137.
[6] M. Da˘da˘rlat, Morphisms of simple tracially AF algebras, Internat. J. Math. 15 (2004),
919–957.
[7] M. Da˘da˘rlat and T. A. Loring, The K-theory of abelian subalgebras of AF algebras, J.
Reine Angew. Math. 432 (1992), 39–55.
[8] M. Da˘da˘rlat and T. Loring, A universal multicoefficient theorem for the Kasparov groups,
Duke Math. J. 84 (1996), 355–377.
[9] G. A. Elliott and M. Rørdam, Classification of certain infinite simple C∗-algebras. II,
Comment. Math. Helv. 70 (1995), 615–638.
[10] R. Exel and T. Loring, Invariants of almost commuting unitaries, J. Funct. Anal. 95
(1991), 364–376.
[11] R. Exel and T. Loring, Almost commuting unitary matrices, Proc. Amer. Math. Soc. 106
(1989), 913–915.
[12] G. Gong and H. Lin, Almost multiplicative morphisms and almost commuting matrices, J.
Operator Theory 40 (1998), 217–275.
[13] G. Gong and H. Lin, Almost multiplicative morphisms and K-theory, Internat. J. Math.
11 (2000), 983–1000.
[14] S. Hu, H. Lin, Y. Xue, Limits of homomorphisms with finite-dimensional range, Internat.
J. Math. 16 (2005), 807–821.
[15] D. Husemoller, Fibre Bundles, McGraw-Hill, New York, 1966, reprinted in Springer-Verlag
Graduate Texts in Mathmatics.
[16] E. Kirchberg and N. C. Phillips, Embedding of exact C∗-algebras in the Cuntz algebra O2,
J. Reine Angew. Math. 525 (2000), 17–53.
[17] A. Kishimoto, Automorphisms of AT algebras with the Rohlin property, J. Operator The-
ory 40 (1998), 277–294.
[18] A. Kishimoto and A. Kumjian, The Ext class of an approximately inner automorphism.
II, J. Operator Theory 46 (2001), 99–122.
[19] L. Li, C∗-algebra homomorphisms and KK-theory. K-Theory 18 (1999), 161–172.
[20] H. Lin, Exponential rank of C∗-algebras with real rank zero and the Brown-Pedersen con-
jectures, J. Funct. Anal. 114 (1993), 1–11.
[21] H. Lin, Almost commuting selfadjoint matrices and applications, Operator algebras and
their applications (Waterloo, ON, 1994/1995), 193–233, Fields Inst. Commun., 13, Amer.
Math. Soc., Providence, RI, 199
[22] H. Lin, On the classification of C∗-algebras of real rank zero with zero K1, J. Operator
Theory 35 (1996), 147–178.
[23] H. Lin, Almost multiplicative morphisms and some applications, J. Operator Theory 37
(1997),121–154.
[24] H. Lin When almost multiplicative morphisms are close to homomorphisms Trans. Amer.
Math. Soc. 351 (1999), 5027–5049.
127
128 BIBLIOGRAPHY
[25] H. Lin Embedding an AH-algebra into a simple C∗-algebra with prescribed KK-data, K-
Theory 24 (2001), 135–156.
[26] H. Lin, Tracial topological ranks of C∗-algebras, Proc. London Math. Soc., 83 (2001),
199-234.
[27] H. Lin, Classification of simple C∗-algebras and higher dimensional noncommutative tori,
Ann. of Math. (2) 157 (2003), no. 2, 521–544.
[28] H. Lin An Introduction to the Classification of Amenable C∗-Algebras, World Scientific
Publishing Co., Inc., River Edge, NJ, 2001. xii+320 pp. ISBN: 981-02-4680-3.
[29] H. Lin, Classification of simple C∗-algebras with tracial topological rank zero, Duke Math.
J.,125 (2004), 91-119.
[30] H. Lin, Traces and simple C∗-algebras with tracial topological rank zero, J. Reine Angew.
Math. 568 (2004), 99–137.
[31] H. Lin, A separable Brown-Douglas-Fillmore theorem and weak stability Trans. Amer.
Math. Soc. 356 (2004), 2889–2925.
[32] H. Lin, Classification of homomorphisms and dynamical systems, Trans. Amer. Math. Soc.
359 (2007), 859-895.
[33] H. Lin, AF-emebddings of crossed products of AH-algebras by Z and asymptotic AF-
embeddings, prepinrt, math.OA/0612529.
[34] H. Lin, Asymptotic unitary equivalence and asymptotically inner automorphisms, in prepa-
ration.
[35] H. Lin and N. C. Phillips, Almost multiplicative morphisms and the Cuntz algebra O2,
Internat. J. Math. 6 (1995), 625–643.
[36] H. Lin and H. Su, Classification of direct limits of generalized Toeplitz algebras, Pacific J.
Math. 181 (1997), 89–140.
[37] T. Loring, Stable relations. II. Corona semiprojectivity and dimension-drop C∗-algebras,
Pacific J. Math. 172 (1996), 461–475.
[38] T. Loring, K-theory and asymptotically commuting matrices, Canad. J. Math. 40 (1988),
197-216.
[39] H. Matui, AF embeddability of crossed products of AT algebras by the integers and its
application, J. Funct. Anal. 192 (2002), 562–580.
[40] S. Mardesic, On covering dimension and inverse limits of compact spaces, Illinois J. Math
4 (1960), 278–291.
[41] N. C. Phillips, Approximation by unitaries with finite spectrum in purely infinite C∗-
algebras., J. Funct. Anal. 120 (1994), 98–106.
[42] N. C. Phillips, A classification theorem for nuclear purely infinite simple C∗-algebras, Doc.
Math. 5 (2000), 49–114
[43] M. Rørdam, Classification of inductive limits of Cuntz algebras, J. Reine Angew. Math.
440 (1993), 175–200.
[44] M. Rørdam, Classification of certain infinite simple C∗-algebras, J. Funct. Anal. 131
(1995), 415–458.
[45] M. Rørdam, Classification of Nuclear C∗-algebras, Encyclopaedia of Mathematical Sci-
ences 126, Springer 2002.
[46] J. Rosenberg and C. Schochet, The Knneth theorem and the universal coefficient theorem
for Kasparov’s generalized K-functor, Duke Math. J. 55 (1987), 431–474.
[47] W. Winter, On topologically finite-dimensional simple C∗-algebras, Math. Ann. 332
(2005), 843–878.
[48] W. Winter, On the classification of simple Z-stable C∗-algebras with real rank zero and
finite decomposition rank, J. London Math. Soc. 74 (2006), 167–183.
[49] S. Zhang, A Riesz decomposition property and ideal structure of multiplier algebras, J.
Operator Theory 24 (1990), 209–225.
[50] S. Zhang, Matricial structure and homotopy type of simple C∗-algebras with real rank zero,
J. Operator Theory 26 (1991), 283–312.
